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S.1 Results of Section 3

S.1.1 Proof of Theorem 1

S.1.1.1 Proof of part i)

Proof. Define f(u) = log[{1− (1 + ru)−1/r}/{1− (1 + ru0)−1/r}], r > 0, u > 0. Then f(u0) = 0.

Define

A1(u) =
∂f(u)

∂u
=

(1 + ru)−(1+1/r)

1− (1 + ru)−1/r

and

A2(u) = −0.5
∂2f(u)

∂u2
= 0.5

[
(1 + r)(1 + ru)−(2+1/r)

1− (1 + ru)−1/r
+

(1 + ru)−(2+2/r)

{1− (1 + ru)−1/r}2

]
.

Consider the Taylor series expansion of f(u) about u = u0,

f(u) = (u− u0)A1(u0)− (u− u0)2A2(u∗),

for some |u∗ − u| < |u0 − u|. Clearly, A2(u) is decreasing in u for any r > 0. Therefore, for

u > u∗ > u0 and any r > 0, A2(u) < A2(u∗) < A2(u0), and then

f(u) ≥ (u− u0)A1(u0)− (u− u0)2A2(u0)

= (u− u0)A1(u0)− (u− u0)2A2(u0) + κ

{
log
(u0

u

)
+ log

(
u

u0

)}
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≥ (u− u0)A1(u0)− (u− u0)2A2(u0) + κ
{

log
(u0

u

)
+
(

1− u0

u

)}
. (S.1)

In fact the result (S.1) holds for either choices of κ mentioned in Theorem 1.

To prove the result when u < u0, let us define g(u) = f(u)−(u−u0)A1(u0)+(u−u0)2A2(u0)−

κ{log(u0/u) + 1− u0/u}. Then

g
′
(u) = A1(u)− A1(u0) + 2(u− u0)A2(u0) + κ

u− u0

u2

= (u− u0)
{
−2A2(u†) + 2A2(u0) +

κ

u2

}
,

where the last equality is obtained by applying the Taylor series expansion on A1(u) about

u = u0, A1(u) = A1(u0)− 2(u− u0)A2(u†), for some u† ∈ [u, u0).

Next we consider the case of 0 < r ≤ 1 with κ = 1/r. Define

B1 ≡
1

ru2
− 2A2(u†) =

1

ru2
− (1 + ru†)

−1/r−2[1 + r{1− (1 + ru†)
−1/r}]

{1− (1 + ru†)−1/r}2

=
{1− (1 + ru†)

−1/r}2 − ru2(1 + ru†)
−1/r−2[1 + r{1− (1 + ru†)

−1/r}]
ru2{1− (1 + ru†)−1/r}2

,

and B2 = B1ru
2{1− (1 + ru†)

−1/r}2. Then

B2 = {1− (1 + ru†)
−1/r}

[
1− (1 + ru†)

−1/r − r2u2(1 + ru†)
−1/r−2

]
− ru2(1 + ru†)

−1/r−2

=

{
1− (1 + ru†)

−1/r

(1 + ru†)1/r+2

}{
(1 + ru†)

1/r+2 − (1 + ru†)
2 − r2u2

}
− ru2(1 + ru†)

−1/r−2

=
1

(1 + ru†)1/r+2

[
{1− (1 + ru†)

−1/r}
{

(1 + ru†)
1/r+2 − (1 + ru†)

2 − r2u2
}
− ru2

]
.

Using the Bernoulli inequality we have for 0 < r ≤ 1,

(1 + ru†)
1/r+2 = (1 + ru†)

1/r(1 + ru†)
2 ≥ (1 + u†)(1 + ru†)

2

= (1 + ru†)
2 + u†(1 + ru†)

2.

Now, using this inequality in the numerator of B2 we obtain

B2 ≥
1

(1 + ru†)1/r+2

[
{1− (1 + ru†)

−1/r}
{

(1 + ru†)
2 + u†(1 + ru†)

2 − (1 + ru†)
2 − r2u2

}
− ru2

]
=

1

(1 + ru†)1/r+2

[{
1− 1

(1 + ru†)1/r

}{
u†(1 + ru†)

2 − r2u2
}
− ru2

]
≥ 1

(1 + ru†)1/r+2

[(
1− 1

1 + u†

){
u†(1 + ru†)

2 − r2u2
}
− ru2

]
2



=
1

(1 + ru†)1/r+2

[(
u†

1 + u†

){
u†(1 + ru†)

2 − r2u2
}
− ru2

]
=

B3

(1 + ru†)1/r+2(1 + u†)
,

where B3 = u2
†(1 + ru†)

2 − r2u2u† − ru2(1 + u†). This last inequality pertaining to B2 holds

due to the application of the Bernoulli inequality for 0 < r ≤ 1 and u†(1 + ru†)
2 − r2u2 > 0 for

u < u†. Since 0 < r ≤ 1, u†(1 + ru†)
2− r2u2 ≥ u†(1 + ru†)

2− ru2
† = u† + r2u3

† + 2r(u2
† − u2) > 0.

Now, we have

B3 = u2
†(1 + ru†)

2 − r2u2u† − ru2(1 + u†)

= u2
† + r2u4

† + 2ru3
† − r2u2u† − ru2 − ru2u†

= u2
†

{
1− r

(
u

u†

)2
}

+ r2u4
† + ru3

†

{
2− (1 + r)

(
u

u†

)2
}
.

Since u ≤ u†, u/u† ≤ 1 and consequently {1 − r(u/u†)
2} ≥ 0 and 2 − (1 + r)(u/u†)

2 ≥ 0 for

r ∈ (0, 1]. Hence, B3 > 0 and B1, B2 > 0 as well. Since A2(u0) > 0 we have B1 + 2A2(u0) > 0

and

g
′
(u) = (u− u0)

{
1

ru2
− 2A2(u†) + 2A2(u0)

}
< 0

for 0 < r ≤ 1 and u ≤ u0. This proves that g(u) is decreasing for u ≤ u0. Note that g(u0) = 0, so

g(u) ≥ 0 for u ≤ u0, and together with (S.1) we have f(u) ≥ (u− u0)A1(u0)− (u− u0)2A2(u0) +

(1/r){log(u0/u) + 1− u0/u} for 0 < r ≤ 1.

Next consider the case of r > 1 with κ = 1. Here g
′
(u) = (u−u0) {−2A2(u†) + 2A2(u0) + 1/u2}.

Our goal is to show g
′
(u) < 0. To prove this it is sufficient to show

B5 =
1

u2
†
− 2A2(u†) =

1

u2
†
− (1 + ru†)

−1/r−2[1 + r{1− (1 + ru†)
−1/r}]

{1− (1 + ru†)−1/r}2
> 0, (S.2)

for u ≤ u0 because g
′
(u) = (u − u0){B5 + 2A2(u0)} + (u − u0)(1/u2 − 1/u2

†), (u − u0) < 0,

(1/u2 − 1/u2
†) > 0 for u ≤ u0 and u† ∈ [u, u0), and A2(u0) > 0. Now, consider the following

transformation of variables, t = (1 + ru†)
1/r, so u† = (tr − 1)/r. Then, showing inequality (S.2)

is equivalent to show the following inequality,

r2

(tr − 1)2
− (1 + r)t− r

t2r(t− 1)2
> 0, ∀r > 1, t > 1

3



⇐⇒ r2t2r(t− 1)2 − {(1 + r)t− r}(tr − 1)2 > 0

⇐⇒ r2(t− 1)2t2r > (tr − 1)2(t+ rt− r)

⇐⇒ 2 log(r) + 2 log(t− 1) + 2r log(t)− 2 log(tr − 1) > log(t+ rt− r). (S.3)

Obviously limt→1+ log(t+ rt− r) = 0, and

lim
t→1+
{2 log(t− 1)− 2 log(tr − 1)} = 2 lim

t→1+
log

(
t− 1

tr − 1

)
= 2 log

(
1

r

)
.

Therefore, limt→1+{2 log(r) + 2 log(t− 1) + 2r log(t)− 2 log(tr − 1)} = 0. We thus have

2 log(r) + 2 log(t− 1) + 2r log(t)− 2 log(tr − 1)

=

∫ t

1

∂{2 log(r) + 2 log(s− 1) + 2r log(s)− 2 log(sr − 1)}
∂s

,

and

log(t+ rt− r) =

∫ t

1

∂{log(s+ rs− r)}
∂s

.

Then, to prove (S.3), it suffices to show

∂{2 log(r) + 2 log(t− 1) + 2r log(t)− 2 log(tr − 1)}
∂t

>
∂ log(t+ rt− r)

∂t
, ∀r > 1, t > 1

⇐⇒ 2

t− 1
− 2r

t(tr − 1)
>

r + 1

t+ rt− r

⇐⇒ 1

t− 1
− 2r

t(tr − 1)
> (r + 1)

(
1

t+ rt− r
− 1

(t− 1)(r + 1)

)
⇐⇒ 1

t− 1
− 2r

t(tr − 1)
+

1

(t+ rt− r)(t− 1)
> 0

⇐⇒ t+ rt− r + 1

(t− 1)(t+ rt− r)
>

2r

t(tr − 1)

⇐⇒ (tr − 1)t

(t− 1)r
>

2(t+ rt− r)
t+ rt− r + 1

⇐⇒ (tr − 1)t

(t− 1)r
> 1 +

(t− 1)(r + 1)

t+ rt− r + 1

⇐⇒ tr+1 − t− tr + r

(t− 1)r
>

(t− 1)(r + 1)

t+ rt− r + 1

⇐⇒ tr+1 − t− tr + r

(t− 1)2r(r + 1)
>

1

t+ rt− r + 1

⇐⇒ (tr+1 − 1)/(t− 1)− (r + 1)

(t− 1)r(r + 1)
>

1

t+ rt− r + 1
. (S.4)
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We now provide two useful statements, the first is

(tr+1 − 1)/(t− 1) = (r + 1)ξr1 ≥ (r + 1)

(
t+ 1

2

)r
(S.5)

where the equality is obtained by the mean value theorem with ξ1 ∈ (1, t) and the inequality is

obtained by

ξr1 =
1

t− 1

∫ t

1

srds ≥
(

1

t− 1

∫ t

1

sds

)r
=

(
t+ 1

2

)r
.

The last inequality is obtained by applying Jensen’s inequality and noting that xr is a convex

function for r > 1 and any generic x > 0. The second is

{(t+ 1)/2}r − {(t+ 1)/2}0

r − 0
=

(
t+ 1

2

)ξ2
log

(
t+ 1

2

)
, (S.6)

where the equality is obtained by the mean value theorem for a ξ2 ∈ (0, r). Applying inequalities

(S.5) and (S.6) to the left hand side of inequality (S.4), we have

(tr+1 − 1)/(t− 1)− (r + 1)

(t− 1)r(r + 1)
≥ {(t+ 1)/2}r − 1

(t− 1)r
=

(
t+1

2

)ξ2 log
(
t+1

2

)
t− 1

.

Then, to prove (S.4), it is sufficient to show(
t+1

2

)ξ2 log
(
t+1

2

)
t− 1

>
1

t+ rt− r + 1
⇐⇒ t+ 1

t− 1
+ r >

1(
t+1

2

)ξ2 log
(
t+1

2

) . (S.7)

Since log(x) ≥ 1− 1/x for any generic x > 0, we get log{(t + 1)/2} ≥ (t− 1)/(t + 1) and using

this result to the right hand side of (S.7) we get

1

{(1 + t)/2}ξ2 log{(t+ 1)/2}
≤
(

2

1 + t

)ξ2
×
(
t+ 1

t− 1

)
<

(
t+ 1

t− 1

)
< r +

(
t+ 1

t− 1

)
where the second last inequality follows as t > 1. The last inequality follows as r > 1. Hence

(S.7) follows. Then the inequality (S.2) holds and 1/u2 − 2A2(u†) + 2A2(u0) > 0 for r > 1.

Consequently g
′
(u) < 0 for u ≤ u0, and then g(u) ≥ g(u0) = 0 for u ≤ u0 and the desired result

is obtained.

S.1.1.2 Proof of part ii)

Proof. To prove the part ii) of Theorem 1, we first define f(u) = log[{1 − exp(−u)}/{1 −

exp(−u0)}]. Observe that f(u0) = 0. Let us consider the Taylor series expansion of f(u) about

5



u = u0

f(u) = (u− u0)A1(u0)− (u− u0)2A2(u∗),

for some u∗ ∈ (u0, u), where

A1(u) =
∂f(u)

∂u
=

exp(−u)

1− exp(−u)
,

and

A2(u) = −1

2

∂2f(u)

∂u2
=

exp(−u)

2{1− exp(−u)}
+

exp(−2u)

2{1− exp(−u)}2
=

exp(−u)

2{1− exp(−u)}2
.

Note that A2(u) is a decreasing function. So, for u ≥ u0, A2(u0) = maxu≥u0A2(u). Hence, for

u ≥ u0,

f(u) ≥ (u− u0)A1(u0)− (u− u0)2A2(u0)

= (u− u0)A1(u0)− (u− u0)2A2(u0) + log
(u0

u

)
+ log

(
u

u0

)
≥ (u− u0)A1(u0)− (u− u0)2A2(u0) + log

(u0

u

)
+
(

1− u0

u

)
. (S.8)

To prove the result when u ≤ u0, let us define g(u) = f(u)− (u− u0)A1(u0) + (u− u0)2A2(u0)−

log(u0/u)− 1 + u0/u

g
′
(u) = A1(u)− A1(u0) + 2(u− u0)A2(u0) +

u− u0

u2

= (u− u0)

{
−2A2(u†) + 2A2(u0) +

1

u2

}
,

where the last equality is obtained by applying the Taylor series expansion on A1(u) about

u = u0, A1(u) = A1(u0)− 2(u− u0)A2(u†), for some u† ∈ (u, u0). As A2(u0) > 0, then for u < u†

1

u2
− 2A2(u†) + 2A2(u0) >

1

u2
†
− 2A2(u†) =

1

u2
†
− 1

{1− exp(−u†)}2 exp(u†)
≡ h(u†).

Let us define

k(u†) ≡ {1− exp(−u†)}2 exp(u†)− u2
† = exp(u†) + exp(−u†)− u2

† − 2,

and investigate its properties. Note that

k(u†) =

{
1 + u† +

u2
†

2
+
u3
†

3!
+
u4
†

4!
−
u5
†

5!
+ · · ·

}
+

{
1− u† +

u2
†

2
−
u3
†

3!
+
u4
†

4!
−
u5
†

5!
+ · · ·

}
− u2

† − 2

6



= 2

{
u4
†

4!
+
u6
†

6!
+
u8
†

8!
· · ·
}
> 0.

This result proves g′(u) < 0 (g is a decreasing function) for any u < u0. Thus, g(u) ≥

minu≤u0 g(u) = limu→u0 g(u) = 0. Hence, g(u) = f(u) − (u − u0)A1(u0) + (u − u0)2A2(u0) −

log(u0/u) − 1 + u0/u ≥ 0 for u ≤ u0 and combined with (S.8) we now have part ii) of the

theorem.

S.1.2 Proof of inequality (11)

This is the derivation of the minorization function for the r > 0 case with θ > 0. Applying part

(i) of Theorem 1 to the multiplier of ∆i,j and result (i) of Lemma 1 to the multiplier of (1−∆i,j),

we have

`i(ξ) ≥ `i(ξ0) +
∑
k

ω∗i (ξ0, ak)

mi∑
j=1

(
∆i,j{A1(ui,j,k(ξ0)) + 2A2(ui,j,k(ξ0))ui,j,k(ξ0)}

×ui,j,k(ξ0) exp

[
(α−α0)TW i,j,k + log

{
Hψ(Ci,j)

Hψ0(Ci,j)

}]
−∆i,jA2(ui,j,k(ξ0))u2

i,j,k(ξ0) exp

[
2(α−α0)TW i,j,k + 2 log

{
Hψ(Ci,j)

Hψ0(Ci,j)

}]
− (1−∆i,j)

ui,j,k(ξ0)

1 + rui,j,k(ξ0)
exp

[
(α−α0)TW i,j,k + log

{
Hψ(Ci,j)

Hψ0(Ci,j)

}]
−∆i,jκ exp

[
(α0 −α)TW i,j,k + log

{
Hψ0(Ci,j)

Hψ(Ci,j)

}]
−∆i,jκ

[
log{Hψ(Ci,j)}+αTW i,j,k

]
−∆i,jA1(ui,j,k(ξ0))ui,j,k(ξ0)−∆i,jA2(ui,j,k(ξ0))u2

i,j,k(ξ0) + (1−∆i,j)
ui,j,k(ξ0)

1 + rui,j,k(ξ0)

+∆i,jκ+ ∆i,jκ log{ui,j,k(ξ0)}
)

≥ `i(ξ0) +
∑
k

ω∗i (ξ0, ak)

mi∑
j=1

(
∆i,j{A1(ui,j,k(ξ0)) + 2A2(ui,j,k(ξ0))ui,j,k(ξ0)}

×ui,j,k(ξ0)

[
1 + (α−α0)TW i,j,k + log

{
Hψ(Ci,j)

Hψ0(Ci,j)

}]
−∆i,jA2(ui,j,k(ξ0))u2

i,j,k(ξ0)

(
1

2

)[
exp{4(α−α0)TW i,j,k}+

{
Hψ(Ci,j)

Hψ0(Ci,j)

}4
]

− (1−∆i,j)
ui,j,k(ξ0)

1 + rui,j,k(ξ0)

(
1

2

)[
exp{2(α−α0)TW i,j,k}+

{
Hψ(Ci,j)

Hψ0(Ci,j)

}2
]
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−∆i,j

(
1

2

)
κ

[
exp{2(α0 −α)TW i,j,k}+

{
Hψ0(Ci,j)

Hψ(Ci,j)

}2
]

−∆i,jκ
[
log{Hψ(Ci,j)}+αTW i,j,k

]
−∆i,jA1(ui,j,k(ξ0))ui,j,k(ξ0)−∆i,jA2(ui,j,k(ξ0))u2

i,j,k(ξ0) + (1−∆i,j)
ui,j,k(ξ0)

1 + rui,j,k(ξ0)

+∆i,jκ+ ∆i,jκ log{ui,j,k(ξ0)}
)

= `†,i(ξ|ξ0).

The last inequality is obtained by using result (ii) and (iii) of Lemma 1. Thus `†,i can be further

written as `†,i(ξ|ξ0) = `†,1,i(α|ξ0) + `†,2,i(ψ|ξ0) + `†,3,i(ξ0).

S.1.3 Detailed derivation of Section 3.3

This is the details of the non-dependence case (θ = 0). Note that here

`(ξ) =
n∑
i=1

`i(ξ) = `(ξ0) +
n∑
i=1

log

[
{1−Gi(ξ)}∆i{Gi(ξ)}1−∆i

{1−Gi(ξ0)}∆i{Gi(ξ0)}1−∆i

]
.

Case of r > 0

For r > 0, using the actual expressions of Gi(ξ) and Gi(ξ0), we have

`(ξ) = `(ξ0) +
n∑
i=1

(
∆i log

[
1− {1 + rui(ξ)}−1/r

1− {1 + rui(ξ0)}−1/r

]
+ (1−∆i)κ log

{
1 + rui(ξ)

1 + rui(ξ0)

})
.

Using the same inequalities and techniques in Section S.1.2, we first obtain the minorization

function `†(ξ|ξ0), such that `(ξ) ≥ `†(ξ|ξ0) ≡ `†,1(α|ξ0) + `†,2(ψ|ξ0) + `†,3(ξ0), where

`†,1(α|ξ0) =
n∑
i=1

[
∆i

{
A1(ui(ξ0)) + 2A2(ui(ξ0))ui(ξ0)

}
ui(ξ0)(α−α0)TX i

−
(

∆i

2

)
A2(ui(ξ0))u2

i (ξ0) exp{4(α−α0)TX i}

−
(

1−∆i

2

)
ui(ξ0)

1 + rui(ξ0)
exp{2(α−α0)TX i}

−
(

∆iκ

2

)
exp{2(α0 −α)TX i} −∆iκα

TX i

]
,

`†,2(ψ|ξ0) =
n∑
i=1

[
∆i

{
A1(ui(ξ0)) + 2A2(ui(ξ0))ui(ξ0)

}
×ui(ξ0) log

{
Hψ(Ci)

Hψ0(Ci)

}
−
(

∆i

2

)
A2(ui(ξ0))u2

i (ξ0)

{
Hψ(Ci)

Hψ0(Ci)

}4

8



−
(

1−∆i

2

)
ui(ξ0)

1 + rui(ξ0)

{
Hψ(Ci)

Hψ0(Ci)

}2

−
(

∆iκ

2

){
Hψ0(Ci)

Hψ(Ci)

}2

−∆iκ log{Hψ(Ci)}
]
,

`†,3(ξ0) = `(ξ0) +
n∑
i=1

(
∆iA2(ui(ξ0))u2

i (ξ0) + (1−∆i)
ui(ξ0)

1 + rui(ξ0)

+∆iκ [1 + log{ui(ξ0)}]
)
.

Then, α and ψ are estimated by the generic Newton-Raphson algorithm given in (12), where

the needed quantities are

S(α(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA1(ui(ξ

(m−1)))− (1−∆i)

1 + rui(ξ
(m−1))

}
ui(ξ

(m−1))X i,

Sα(α(m−1)|ξ(m−1)) = −
n∑
i=1

[
8∆iA2(ui(ξ

(m−1)))u2
i (ξ

(m−1))

+2 (1−∆i)
ui(ξ

(m−1))

1 + rui(ξ
(m−1))

+ 2∆iκ

]
X⊗2

i ,

S(ψ(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA1(ui(ξ

(m−1)))

− (1−∆i)

1 + rui(ξ
(m−1))

}
ui(ξ

(m−1))

[
∂ log{Hψ(Ci)}

∂ψ

]
ψ=ψ(m−1)

,

Sψ(ψ(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA1(ui(ξ

(m−1)))ui(ξ
(m−1))− (1−∆i)

ui(ξ
(m−1))

1 + rui(ξ
(m−1))

}
×
[
∂2 log{Hψ(Ci)}

∂ψ∂ψT

]
ψ=ψ(m−1)

−
n∑
i=1

{
8∆iA2(ui(ξ

(m−1)))u2
i (ξ

(m−1)) + 2 (1−∆i)
ui(ξ

(m−1))

1 + rui(ξ
(m−1))

+ 2∆iκ

}
×
([

∂ log{Hψ(Ci)}
∂ψ

]
ψ=ψ(m−1)

)⊗2

.

Case of r → 0

For the r → 0 case (actually the limiting case r → 0) the minorization function is the total

of the following terms

`†,1(α|ξ0) =
n∑
i=1

[
∆i

{
A3(ui(ξ0)) + 2A4(ui(ξ0))ui(ξ0)

}
× ui(ξ0)(α−α0)TX i

−
(

∆i

2

)
A4(ui(ξ0))u2

i (ξ0) exp{4(α−α0)TX i}
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−
(

1−∆i

2

)
ui(ξ0) exp{2(α−α0)TX i}

−
(

∆i

2

)
exp{2(α0 −α)TX i} −∆iα

TX i

]
,

`†,2(ψ|ξ0) =
n∑
i=1

[
∆i

{
A3(ui(ξ0)) + 2A4(ui(ξ0))ui(ξ0)

}
× ui(ξ0) log

{
Hψ(Ci)

Hψ0(Ci)

}
−
(

∆i

2

)
A4(ui(ξ0))u2

i (ξ0)

{
Hψ(Ci)

Hψ0(Ci)

}4

−
(

1−∆i

2

)
ui(ξ0)

{
Hψ(Ci)

Hψ0(Ci)

}2

−
(

∆i

2

){
Hψ0(Ci)

Hψ(Ci)

}2

−∆i log{Hψ(Ci)}
]
,

`†,3(ξ0) = `(ξ0) +
n∑
i=1

(
∆iA4(ui(ξ0))u2

i (ξ0) + (1−∆i)ui(ξ0) + ∆i [1 + log{ui(ξ0)}]
)
,

and the terms needed in the Newton-Raphson algorithm (12) are

S(α(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA3(ui(ξ

(m−1)))− (1−∆i)

}
ui(ξ

(m−1))X i,

Sα(α(m−1)|ξ(m−1)) = −
n∑
i=1

[
8∆iA4(ui(ξ

(m−1)))u2
i (ξ

(m−1)) + 2 (1−∆i)ui(ξ
(m−1)) + 2∆i

]
X⊗2

i ,

S(ψ(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA3(ui(ξ

(m−1)))− (1−∆i)

}
ui,j(ξ

(m−1))

[
∂ log{Hψ(Ci)}

∂ψ

]
ψ=ψ(m−1)

,

Sψ(ψ(m−1)|ξ(m−1)) =
n∑
i=1

{
∆iA3(ui(ξ

(m−1)))− (1−∆i)
}
ui(ξ

(m−1))

[
∂2 log{Hψ(Ci)}

∂ψ∂ψT

]
ψ=ψ(m−1)

−
n∑
i=1

{
8∆iA4(ui(ξ

(m−1)))u2
i (ξ

(m−1)) + 2 (1−∆i)ui(ξ
(m−1)) + 2∆i

}
×
([

∂ log{Hψ(Ci)}
∂ψ

]
ψ=ψ(m−1)

)⊗2

.

Since Hψ(Ci) =
∑

lMl(Ci) exp(ψl), ∂Hψ(Ci)/∂ψl = Ml(Ci) exp(ψl), let us write ∂Hψ/∂ψ =

Di exp(ψ), where Di = Diag(M1(Ci), . . . ,MK(Ci)) and exp(ψ) = (exp(ψ1), . . . , exp(ψK))T.

Then we have[
∂2 log{Hψ(Ci)}

∂ψ∂ψT

]
ψ=ψ(m−1)

=

[
DiDiag(exp(ψ(m−1)))

Hψ(m−1)

− Di exp(ψ(m−1)){exp(ψ(m−1))}TDi

H2
ψ(m−1)

]
,

and ([
∂ log{Hψ(Ci)}

∂ψ

]
ψ=ψ(m−1)

)⊗2

=
Di exp(ψ(m−1)){exp(ψ(m−1))}TDi

H2
ψ(m−1)(Ci)

.
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S.2 Results of Section 4

S.2.1 Background

Notations: To prove the main theorems more clearly, we first assume the subject-specific

random effect b is observed and investigate the asymptotic properties of the penalized complete

ML estimator. The rate of convergence (Theorem 2) and semiparametric efficiency (Theorem

3) of the penalized observed ML estimator (4) can be proved with the similar arguments and

presented at Subsection S.2.6.

Define O∗ = (C∗,1, . . . , C∗,m∗ ,∆∗,1, . . . ,∆∗,m∗X
T
∗,1, . . . ,X

T
∗,m∗ ,Z∗)

T as the observed data from

a random cluster ∗, where m∗ is the cluster size. We also let Pι be the distribution of the

complete data g = (O∗, b∗)
T from a random cluster ∗ under the parameter vector ι, and pι be

the corresponding density with the dominating measure µ. For simplicity, we define P0 ≡ Pι0

and p0 ≡ pι0 . Specifically, let Lc(ι; g) and `c(ι; g) be the likelihood and log-likelihood for one

single complete observation, respectively. In other words,

Lc(ι; g) =
m∗∏
j=1

{
1− S(C∗,j|X∗,j,Z∗, b∗)

}∆∗,j{
S(C∗,j|X∗,j,Z∗, b∗)

}1−∆∗,j

φ(b∗)

= φ(b∗)
m∗∏
j=1

(
1−

[
1 + rH(C∗,j) exp{βTX∗,j + γTZ∗ + θb∗}

]−1/r
)∆∗,j

×

([
1 + rH(C∗,j) exp{βTX∗,j + γTZ∗ + θb∗}

]−1/r
)1−∆∗,j

.

(S.9)

Here we present the asymptotic properties of the penalized estimator when r > 0, the result for

r → 0 can be similarly obtained with the change of the expression S(C∗,j|X∗,j,Z∗, b∗) in (S.9).

Analogous to (4), we also define the penalized complete ML estimator as

ι̂c,n = (α̂c,n
T, Ĥc,n)T

= arg min
(αT,

∑K
k=1Mk(t) exp(ψk))T

(
1

n

n∑
i=1

`c

{
α,

K∑
k=1

Mk(t) exp(ψk); gi

}

− λ
∫ T0

0

[{ K∑
k=1

Mk(t) exp(ψk)

}(q)]2

dt

)
.

(S.10)

To study the space spanned by {Mk(t)}, we let Sn(τ n, Ln, d−1) denote the space of polynomial

splines spanned by a degree d− 1 B-spline basis with knots τ n = {τ1, τ2, . . . , τL} where 0 = τ0 <
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τ1 < τ2 < · · · < τL < τL+1 = T0, L ≡ Ln = O(n1/(2q+1)), with d ≥ q. Furthermore, it is desirable

to restrict the knots such that max0≤l≤L |τl+1 − τl| = O(n−1/(2q+1)) as in Stone (1985). We also

let Hn(τ n, Ln, d) denote the space of polynomial splines spanned by d-degree I-spline basis, such

that each basis function in Hn(τ n, Ln, d) is the integration of the corresponding basis function

in Sn(τ n, Ln, d − 1) over the domain [0, T0], and that all the coefficients are positive. In other

words,

Hn(τ n, Ln, d) =

{ K∑
k=1

Mk(t) exp(ψk) : Mk(t) =

∫ t

0

Bk(s)ds,

Bk(s) is a basis function of Sn(τ n, Ln, d− 1), k = 1, . . . , K

}
,

where K = L+ d. It is shown in de Boor (1978) that Hn(τ n, Ln, d) ⊂ Sn(τ n, Ln, d). To simplify

the notations, we also denote ϕ = exp(ψ) with positive values, i.e., ϕk = exp(ψk), k = 1, . . . , K.

We first note that for a fixed n, letting the tuning parameter λ → 0 implies an unpenalized

estimate in the space spanned by the given polynomial space. On the other hand, letting λ→∞

forces convergence of the qth derivative of the spline function to zero. For example, when q = 3,

the limiting transformation function will be quadratic with respect to t.

We introduce some further notation to be used in proving results. Given a random sample

g1, . . . , gn with the probability measure P, for a measurable function f , define Pf =
∫
fdP as

the expectation of f under P and Pnf = (1/n)
∑n

i=1 f(gi) as the expectation of f under the

empirical measure Pn. We write Gnf =
√
n(Pn − P)f for the empirical process Gn evaluated

at f . Denote ‖Gn‖F = supf∈F |Gnf |. Let ‖ · ‖ and ‖ · ‖∞ be the Euclidean norm of Rp and

the supremum norm, respectively. We will use v to denote a generic constant that may change

values from context to context. For two sequences {a1,n} and {a2,n}, we let a1,n � a2,n denote

a1,n = O(a2,n) and a2,n = O(a1,n), simultaneously.

Regularity conditions: Here we present the regularity conditions required to study the

asymptotic properties of the regularized semiparametric ML estimator.

(C1) The cluster size m∗ of a random cluster is completely random, and uniformly bounded

above. In addition P(m∗ ≥ 1) > 0.
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(C2) The covariates (XT
∗,1, . . . ,X

T
∗,m∗ ,Z

T
∗ )T are uniformly bounded, that is, there exists a

scalar v such that P{‖(XT
∗,1, . . . ,X

T
∗,m∗ ,Z

T
∗ )‖ ≤ v} = 1, where ‖ · ‖ denotes the Eu-

clidean norm. Moreover, all the eigenvalues of E
[{

(XT
∗,1, . . . ,X

T
∗,m∗ ,Z

T
∗ , b∗)

T
}⊗2
]

are

bounded away from zero and infinity, where a⊗2 = aaT denotes the Gram matrix for

any generic vector a.

(C3) The conditional joint density of (O∗|b∗) has uniform positive lower and upper bound in

the support of the joint random variables O∗.

(C4) The L∞ norm of the true transformation function H0(t) is bounded away from 0 and∞.

Moreover, H0(·) belongs to H, a class of non-negative and monotonic functions, with

zero values at t = 0 which are also continuously differentiable up to order q, d ≥ q ≥ 2,

on [0, T0].

(C5) Θ is a compact subset of Rp, where p is the dimensionality of α. Furthermore, α0 is an

interior point of Θ.

(C6) For any cluster size m∗, there exits some κ ∈ (0, 1), such that

aTvar
{

(XT
∗,1, . . . ,X

T
∗,m∗ ,Z

T
∗ , b∗)

T
∣∣C∗,j, 1 ≤ j ≤ m∗

}
a

≥ κaTE
[{

(XT
∗,1, . . . ,X

T
∗,m∗ ,Z

T
∗ , b∗)

T
}⊗2∣∣C∗,j, 1 ≤ j ≤ m∗

]
a

uniformly for all a with a suitable length.

Condition (C1), in the case of a completely random cluster size, can be found in Zeng et al.

(2005). (C2)–(C6) are widely used in semiparametric modeling of survival analysis (see, for

example, Huang and Wellner, 1997; Zhang et al., 2010) and usually satisfied in practice. Condi-

tions (C1)–(C4) ensure the proposed model is identifiable. In particular, (C2) implies that for

all (β,γ, θ) and v ∈ R,

P(βTX∗,j + γTZ∗ + θb∗ 6= v) > 0, ∀j.

Condition (C3) suffices to prevent the joint distribution of the covariates and the inspection time
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from degeneration. For example, under (C3), we can show that{
P(∆∗,j = 1|C∗,j 6= 0) > 0,

P(∆∗,j = 0|C∗,j 6= 0) > 0.

Furthermore, it guarantees that the density function of (C∗,j|b∗) is also bounded away from

zero and infinity in its support. Condition (C4) regularizes the nonparametric function to be

estimated. (C5) and (C6) are technical assumptions used to prove the rate of convergence and

asymptotic normality. Although some of these conditions can be relaxed to a weaker version, it

will make the proofs unnecessarily more complex.

The following theorem establishes the consistency of the penalized complete ML estimator.

Theorem S.1. Suppose the regularity conditions (C1)–(C6) hold, L = O(n1/(2q+1)), and the

tuning parameter λ satisfies λ � n−2q/(2q+1). Then

dist(̂ιc,n, ι0) = Op

(
n−q/(2q+1)

)
. (S.11)

Semiparametric efficiency bound: For notational convenience, for a vector α with

suitable length, let ˙̀
c,1(ι; g) denote the vector of partial derivatives of `c(ι; g) with respect

to α. For the nonparametric part, consider a parametric smooth submodel with parameter

(αT, H(s,w))
T, such that H(s,w) = H + sw ∈ H for s in a small interval containing 0, with

H(0,w) = H and {∂H(s,w)/∂s}|s=0 = w. Let W be the class of functions w defined by this

equation. The score operator for H begins with defining the Gâteaux (directional) derivative

at H along w: ˙̀
c,2(ι; g)[w] = {∂l(α, H(s,w); g)/∂s}|s=0. In addition, for w = (w1, . . . , wp)

T

with wk ∈ W , k = 1, . . . , p, let ˙̀
c,2(ι; g)[w] be the p-dimensional vector with its kth element

˙̀
c,2(ι; g)[wk]. If w∗c ∈ Wp and satisfies

w∗c = arg min
w∈Wp

E
∥∥ ˙̀

c,1(ι; g)− ˙̀
c,2(ι; g)[w]

∥∥2
, (S.12)

then w∗c is called the least favorable direction, and by Theorem 1 in Bickel et al. (1993, pp. 70),

the efficient score for α is ˙̀
c,1(ι; g)− ˙̀

c,2(ι; g)[w∗c ]. According to the result in Bickel et al. (1993),

the efficient information matrix of parameter α for the complete likelihood is given by

Ic(α) = E
{

˙̀
c,1(ι; g)− ˙̀

c,2(ι; g)[w∗c ]
}⊗2

. (S.13)
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Analogously, the efficient information matrix of parameter α for the observed likelihood is given

by

I(α) = E
{

˙̀
1(ι;U ∗)− ˙̀

2(ι;O∗)[w
∗]
}⊗2

, (S.14)

where ˙̀
1, ˙̀

2, and w∗ are the partial derivative of ` with respect to the parametric component α,

Gâteaux (directional) derivative of ` with respect to the nonparametric component H, and the

corresponding least favorable direction, respectively.

The next lemma shows the existence of the least favorable directions w∗c and w∗. Further-

more, the expressions of efficient information matrices Ic(α) in (S.13) and I(α) in (S.14) can be

obtained.

Lemma S.1. Under conditions (C1)–(C4), the least favorable directions w∗c and w∗ exist.

For studying the asymptotic normality and efficiency, the least favorable direction must be

estimable in the sense that its roughness penalty is bounded away from infinity, which leads to

our last regularity condition.

(C7) The least favorable direction w∗c for the complete likelihood satisfies J(w∗c) <∞.

(C7’) The least favorable direction w∗ for the observed likelihood satisfies J(w∗) <∞.

Theorem S.2. Suppose that all the assumptions given in Theorem 2 hold and the regularity

condition (C7) is satisfied. Then, n1/2
(
α̂c,n − α0

)
converges to N

(
0, I−1

c (α0)
)

in distribution,

where Ic(α0) is the efficient information of α with expected value at ι0 for the complete likelihood,

and is assumed to be non-singular.
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S.2.2 Proof of Lemma 2

Proof of Lemma 2. Suppose that (β̃, γ̃, θ̃, H̃) gives the same observed likelihood function as of

(β0,γ0, θ0, H0). This supposition and and Condition (C1) imply that(
1−

[
1 + rH̃(C∗,j) exp{β̃TX∗,j + γ̃TZ∗ + θ̃b∗}

]−1/r
)∆∗,j

×

([
1 + rH̃(C∗,j) exp{β̃TX∗,j + γ̃TZ∗ + θ̃b∗}

]−1/r
)1−∆∗,j

=

(
1−

[
1 + rH0(C∗,j) exp{β0

TX∗,j + γ0
TZ∗ + θ0b∗}

]−1/r
)∆∗,j

×

([
1 + rH0(C∗,j) exp{β0

TX∗,j + γ0
TZ∗ + θ0b∗}

]−1/r
)1−∆∗,j

.

(S.15)

After using (C3) and choosing ∆∗,j = 0 in (S.15), we then obtain[
1 + rH̃(C∗,j) exp{β̃TX∗,j + γ̃TZ∗ + θ̃b∗}

]1/r

=

[
1 + rH0(C∗,j) exp{β0

TX∗,j + γ0
TZ∗ + θ0b∗}

]1/r

.

From the monotonicity of (1 + rx)1/r (r > 0) w.r.t. x, the aforementioned equation implies that

H̃(C∗,j) exp{β̃TX∗,j + γ̃TZ∗ + θ̃b∗} = H0(C∗,j) exp{β0
TX∗,j + γ0

TZ∗ + θ0b∗}. (S.16)

We use Conditions (C3) and (C4) to get that with positive probability, we can fix C∗,j 6= 0 such

that both H̃(C∗,j) and H0(C∗,j) are not equal to zero. (S.16) together with (C3) then imply that

β̃TX∗,j + γ̃TZ∗ + θ̃b∗ = β0
TX∗,j + γ0

TZ∗ + θ0b∗ + v

for some v. Using (C2), it shows that (β̃, γ̃, θ̃) = (β0,γ0, θ0). The conclusion of H̃ = H0 follows

after plugging this result into (S.16).

S.2.3 Proof of Theorem S.1

To prove Theorem S.1, we first need the following technical lemmas.
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Lemma S.2. If Conditions (C1)–(C7) hold, then, for a sufficiently small δ > 0, there exists

a constant v > 0 depending on P0 such that ‖H‖∞ ≤ v{J(H) + 1} whenever H ∈ H and

‖H −H0‖2 < δ.

Proof of Lemma S.2. Because ‖H −H0‖2 < δ for a sufficiently small δ > 0, it implies that there

exist disjoint intervals [ai, bi] ⊂ [0, T0] such that H(ai) < H(bi) and
∫

[ai,bi]
{H(t)−H0(t)}2dt < δ2

for each i = 1, . . . , k. Therefore, there exists ti ∈ [ai, bi] satisfying {H(ti)−H0(ti)}2 ≤ vδ2. In view

of the fact that H0 is uniformly bounded on [0, T0], it follows that H(ti) ≤ Kδ for some constant

Kδ depending on δ. For any H ∈ H with J(H) < ∞, Condition (C4) and ‖H − H0‖2 < δ

with sufficiently small δ imply that J(H) is also bounded away from 0. Thus there exists a

polynomial spline H̃ ∈ S(τ , L, d) such that ‖H − H̃‖∞ ≤ vq−d ≤ J(H) (see, for example, the

proof of Lemma 7.2 of Murphy and van der Vaart, 1999) with d large enough. It follows that

H̃(ti) ≤ J(H) + H(ti) ≤ J(H) + Kδ. Using the approximation property of polynomial spline

(de Boor, 1978), ‖H̃‖∞ ≤ v{J(H)+Kδ}, and ‖H‖∞ is bounded by v{J(H)+1} accordingly.

Lemma S.3. If Conditions (C1)–(C7) hold, then there exists a constant v > 0 such that

P{`c(ι; g)− `c(ι0; g)}2 ≥ v‖ι− ι0‖2
Ξ

for ι in a neighborhood of ι0.

Proof of Lemma S.3. From the complete likelihood function (S.9), it is shown that

P{`c(ι; g)− `c(ι0; g)}2

=

∫ ( m∗∑
j=1

(1−∆∗,j)
[

log{Sι(C∗,j|X∗,j,Z∗, b∗)} − log{Ssucp,ι0(C∗,j|X∗,j,Z∗, b∗)}
]

+
m∑
j=1

∆∗,j
[

log{1− Sι(C∗,j|X∗,j,Z∗, b∗)} − log{1− Sι0(C∗,j|X∗,j,Z∗, b∗)}
]

+
{

log φ(b∗)− log φ(b∗)
})2

dP, (S.17)

where Sι(C∗,j|X∗,j,Z∗, b∗) and φ(b) respectively denote the survival function of the time-to-event

in the susceptible population given in (1) with parameter ι and probability density function of
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b which is N (0, 1). Using Conditions (C3) and (C5), to show (S.17) greater than or equal to

‖ι− ι0‖2
Ξ, up to a constant, it suffices to show that∫ ( m∑
j=1

[
log{1− Ssucp,ι(C∗,j|X∗,j,Z∗, b∗)} − log{1− Ssucp,ι0(C∗,j|X∗,j,Z∗, b∗)}

])2

dP

≥ v
{
‖β − β0‖2 + ‖γ − γ0‖2 + (θ − θ0)2 + ‖H −H0‖2

2

}
,

(S.18)

for some constant v > 0.

Next, we first show the following simplified version of (S.18)∫ [
log{1− Ssucp,ι(C∗,j|X∗,j,Z∗, b∗)} − log{1− Ssucp,ι0(C∗,j|X∗,j,Z∗, b∗)}

]2
dP

≥ v
{
‖β − β0‖2 + ‖γ − γ0‖2 + (θ − θ0)2 + ‖H −H0‖2

2

}
.

(S.19)

Let g1(s) denote

log
[
1−

{
1 + rHs(C∗,j) exp(βs

TX∗,j + γs
TZ∗ + θsb∗)

}−1/r
]
,

where Hs(C∗,j) = sH(C∗,j) + (1 − s)H0(C∗,j), βs = sβ + (1 − s)β0, γs = sγ + (1 − s)γ0, and

θs = sθ+(1−s)θ0, respectively. The term inside the integral of the left hand side of (S.19) is then

equal to {g1(1)− g1(0)}2. Application of the mean value theorem leads to g1(1)− g1(0) = g′1(ε)

for some 0 ≤ ε ≤ 1. It is shown that

g′1(ε) =

({
1 + rHε(C∗,j) exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

}−1/r−1
exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

1−
[
1 + r

{
H0 + ε(H −H0)

}
(C∗,j) exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

]−1/r

)
×
[
(H −H0)(C∗,j) +

{
H0 + ε(H −H0)

}
(C∗,j)

×
{

(β − β0)TX∗,j + (γ − γ0)TZ∗ + (θ − θ0)b∗
}]

=

({
1 + rHε(C∗,j) exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

}−1/r−1
exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

1−
[
1 + r

{
H0 + ε(H −H0)

}
(C∗,j) exp(βε

TX∗,j + γε
TZ∗ + θεb∗)

]−1/r

)
×
[
(H −H0)(C∗,j)

{
1 + ε(β − β0)TX∗,j + ε(γ − γ0)TZ∗ + ε(θ − θ0)b∗

}
+H0(C∗,j)

{
(β − β0)TX∗,j + (γ − γ0)TZ∗ + (θ − θ0)b

}]
:= g1,ε(C∗,j,X∗,j,Z∗, b∗) ·

[
(H −H0)(C∗,j)

{
1 + ε(β − β0)TX∗,j + ε(γ − γ0)TZ∗ + ε(θ − θ0)b∗

}
+H0(C∗,j)

{
(β − β0)TX∗,j + (γ − γ0)TZ∗ + (θ − θ0)b∗

}]
,

where g1,ε is a function of random variables (C∗,j,X∗,j,Z∗, b∗). From the application of the mean
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value theorem and Conditions (C2)–(C5), we have∫ [
log{1− Ssucp,ι(C∗,j|X∗,j,Z∗, b∗)} − log{1− Ssucp,ι0(C∗,j|X∗,j,Z∗, b∗)}

]2
dP

≥
∫ [

(H −H0)(C∗,j)
{

1 + ε(β − β0)TX∗,j + ε(γ − γ0)TZ∗ + ε(θ − θ0)b∗
}

+H0(C∗,j)
{

(β − β0)TX∗,j + (γ − γ0)TZ∗ + (θ − θ0)b∗
}]2

dP

(S.20)

up to a constant. To simplify the notations, we let g2(C∗,j,X∗,j,Z∗) =
{

(β − β0)TX∗,j +

(γ − γ0)TZ∗ + (θ − θ0)b∗
}
H0(C∗,j), g3(C∗,j) = (H − H0)(C∗,j), and ϑ(C∗,j) = 1 + ε(H −

H0)(C∗,j)/H0(C∗,j), respectively. To show (S.19), it thus suffices to verify

P(g2ϑ+ g3)2 ≥ ‖β − β0‖2 + ‖γ − γ0‖2 + (θ − θ0)2
2 + ‖H −H0‖2

2 (S.21)

up to a constant. To apply Lemma 25.86 of van der Vaart (1998), we need to bound {P(g2g3)}2

by a constant less than P(g2
2)P(g2

3). By then computing conditionally on C∗,j, we have

{P(g2g3)}2 =
[
P{P(g2g3|C∗,j)}

]2
≤ P(g2

3)P
[
{P(g2

2|C∗,j)}2
]

= P(g2
3)P
[
H2

0 (C∗,j)
{(

(β − β0)T, (γ − γ0)T, θ − θ0

)
×
[
{P(XT

∗,j,Z
T
∗ , b∗)

T|C∗,j}⊗2
](

(β − β0)T, (γ − γ0)T, θ − θ0

)
T
}]

≤ (1− κ)P(g2
3)P
{
H2

0 (C∗,j)
(
(β − β0)T, (γ − γ0)T, θ − θ0

)
×P

[
{(XT

∗,j,Z
T
∗ , b∗)

T}⊗2|C∗,j
](

(β − β0)T, (γ − γ0)T, θ − θ0

)
T
}

= (1− κ)P(g2
3)P(g2

2),

where the first and second inequalities follow from the Cauchy-Schwarz inequality and Condition

(C6), respectively. Thus by Lemma 25.86 of van der Vaart (1998) and Conditions (C2)–(C4),

P(g2ϑ+ g3)2 & P(g2
2) + P(g2

3) & ‖β − β0‖2 + ‖γ − γ0‖2 + (θ − θ0)2 + ‖H −H0‖2
2,

where & denotes ≥ up to a constant.

The last step is to show (S.18) from its simplified version (S.19). Indeed, it can be completed

by using Condition (C1) and similar arguments as shown in the proof of (S.21).
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Proof of Theorem S.1. To prove the claimed rate of convergence, we first show the consistency

of the penalized estimator. Define

mι,λ = log

(
pι + p0

2p0

)
− λ

2
{J2(H)− J2(H0)}.

Under the order assumption of λ, we may assume that λ ∈ λn = [λ̃n,∞) for

λ̃n = n−2q/(1+2q). (S.22)

By the concavity of the logarithmic function, the relationship between pι and `c(ι; g), and the

definition of ι̂c,n,

Pnmι̂c,n,λ ≥
1

2
Pn log

(
pι̂c,n
p0

)
− λ

2
{J2(Ĥc,n)− J2(H0)} ≥ 0 = Pnmι0,λ.

It can also be shown that

P0(mι,λ −mι0,λ) =

∫
log

pι + p0

2p0

p0dµ− λ

2
{J2(H)− J2(H0)}.

Since log(x) ≤ 2(x1/2 − 1) for x > 0, it follows that

1

2

∫
log

(
pι + p0

2p0

)
p0dµ ≤

∫ (
pι + p0

2p0

)1/2

p0dµ− 1 = −1

4
h2(pι + p0, 2p0),

where h(pι, p0) is the Hellinger distance defined as h2(pι, p0) =
∫

(p
1/2
ι − p

1/2
0 )2dµ. Hence,

P0(mι,λ −mι0,λ) ≤ −
1

2
h2(pι + p0, 2p0)− λ

2
{J2(H)− J2(H0)}.

Using page 328 of van der Vaart and Wellner (1996), we have that

h(pι + p0, 2p0) ≤ h(pι, p0) ≤ 2h(pι + p0, 2p0).

Thus the squared Hellinger distance h2(pι + p0, 2p0) is equivalent h2(pι, p0), up to a constant.

Theorem 3.4.4 of van der Vaart and Wellner (1996) and Condition (C3) imply that

P0{log(pι)− log(p0)}2 ≤ vh2(pι, p0),

for some constant v. Hence, in view of Lemma S.3 and Condition (C3), it follows that

P0(mι,λ −mι0,λ) . −‖ι− ι0‖2
Ξ − λJ2(H) + λ,
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where . denotes ≤ up to a constant. This suggests the choice of

dλ(ι− ι0) =
{
‖ι− ι0‖2

Ξ + λJ2(H)|
}1/2

(S.23)

in Theorem 25.81 of van der Vaart (1998). Next, using the same arguments as those in Lemma

7.2 of Murphy and van der Vaart (1999), it can be shown that

sup
Q

log N[]

(
ε, {mι,0,α ∈ Θ, J(H) ≤M}, L2(Q)

)
≤ v

(
1 +M

ε

)1/q

, (S.24)

where N[] denotes the bracketing number of the metric space (the minimum number of ε-brackets

in L2(Q) needed to ensure that every function in {mι,0,α ∈ Θ, J(H) ≤ M} is contained in at

least one bracket). Under the choice of (S.23), dλ(ι− ι0) < δ implies that J(H) ≤ δ/λ̃
1/2
n . Using

this fact, Lemma 2.1 of van de Geer (2000), Theorem 2.14.1 of van der Vaart and Wellner (1996),

and (S.24) together imply that

P0 sup
dλ(ι−ι0)<δ,λ∈λn

∣∣Gn(mι,λ −mι0,λ)
∣∣ ≤ v

(
1 +

δ

λ̃
1/2
n

)1/(2q)

.

Theorem 25.81 of van der Vaart (1998) yields dλ(̂ιc,n − ι0) = Op(δn + n−q/(1+2q)) for any δn ↓ 0

and δn ≥ (n2qλ̃n)−1/(8q−2), which concludes the consistency of ι̂c,n by (S.22).

To show the rate of convergence, using Lemma S.2, it is reasonable to restrict H to the set

Hn = {H : ‖H‖∞ ≤ v(J(H) + 1)} for a large constant v. If dλ(ι − ι0) < δ and λ ∈ λn, then

‖ι − ι0‖Ξ < δ, J(H) < δ/λ̃
1/2
n , and hence, ‖H‖∞ ≤ v(δ/λ̃

1/2
n + 1). Using Taylor expansion

along with condition (C1), (C2), and (C5), it can be shown that the parametric part of mι,0 is

essentially Lipschitz with respect to α. The above two facts and Example 19.10 of van der Vaart

(1998) imply that

log N[]

(
ε, {mι,0 : λ ∈ λn, H ∈ Hn, dλ(ι− ι0) < δ}, L2(P0)

)
≤ v

(
1 + δ/λ̃

1/2
n

ε

)1/q

.

Thus, Lemma 19.36 of van der Vaart (1998) shows that

P0 sup
dλ(ι−ι0)<δ,λ∈λn

∣∣Gn(mι,λ −mι0,λ)
∣∣ ≤ vJn(δ)

{
1 +

Jn(δ)

δ2n1/2

}
,

where

Jn(δ) =

∫ δ

0

(
1 + δ/λ̃

1/2
n

ε

)1/(2q)

dε = v

(
1 +

δ

λ̃
1/2
n

)1/(2q)

δ1−1/(2q) = v
{
δ1−1/(2q) + δn1/2(2q+1)

}
,
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for some constant v. Therefore, Theorem 25.81 of van der Vaart (1998) implies

‖ι̂c,n − ι0‖Ξ = Op(δn + λ̃n) = Op(δn + n−q/(1+2q)), (S.25)

with δn satisfying

Jn(δn)

{
1 +

Jn(δn)

δ2n1/2

}
≤ n1/2δ2

n.

Brief calculation shows that the optimal rate of δn in the aforementioned equation is n−q/(1+2q).

This result together with (S.25) completes the proof of Theorem S.1.

S.2.4 Proof of Lemma S.1

Using Condition (C1), we directly calculate that

˙̀
c,1(ι; g)

=
m∗∑
j=1

(1−∆∗,j)

{
−H(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)(X∗,j

T,Z∗
T, b∗)

T

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

}

+
m∗∑
j=1

∆∗,j

( {
1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

}−1/r−1

1−
{

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)
}−1/r

)
×H(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)(X∗,j

T,Z∗
T, b∗)

T

=
m∗∑
j=1

H(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)(X∗,j
T,Z∗

T, b∗)
T

×

[
∆∗,j

{
1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

}1/r

1−
{

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)
}−1/r

− 1

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

]
.

(S.26)

After denoting

Qc,j(C∗,j, X∗,j, Z∗, b∗; ι)

= exp(βTX∗,j + γTZ∗ + θb∗)

[
∆∗,j

{
1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

}1/r

1−
{

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)
}−1/r

− 1

1 + rH(C∗,j) exp(βTX∗,j + γTZ∗ + θb∗)

]
,

(S.26) can be written as

˙̀
c,1(ι; g) =

m∗∑
j=1

H(C∗,j)Qc,j(C∗,j, X∗,j, Z∗, b∗; ι)(X∗,j
T,Z∗

T, b∗)
T. (S.27)
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Similarly, differentiating the complete log-likelihood function `c(ι; g) at H along w yields

˙̀
c,2(ι; g)[w] =

m∗∑
j=1

w(C∗,j)Qc,j(C∗,j, X∗,j, Z∗, b∗; ι), (S.28)

where w ∈ W be the class of functions such that H + sw ∈ H for s in a small interval con-

taining 0. Moreover, for w = (w1, . . . , wp)
T with wk ∈ W , k = 1, · · · , p, let ˙̀

c,2(ι; g)[w] =

( ˙̀
c,2(ι; g)[w1], . . . , ˙̀

c,2(ι; g)[wp])
T. To see that w∗c exists in (S.12), we only need to show that the

normal equation

E ˙̀∗
c,2(ι; g) ˙̀

c,1(ι; g)− E ˙̀∗
c,2(ι; g) ˙̀

c,2(ι; g)[w∗c ] = 0

has a solution, where ˙̀∗
c,2(ι; g) is the adjoint operator of ˙̀

c,2(ι; g) (van der Vaart, 2002). Expres-

sion (S.28) implies that ˙̀
c,2(ι; g) is self-adjoint, and thus, writing that C∗ = (C∗,1, . . . , C∗,m∗)

T,

w∗c =
E
[

˙̀
c,1(ι; g){

∑m∗
j=1Qc,j(C∗,j, X∗,j, Z∗, b∗; ι)}|C∗

]
E
[
{
∑m∗

j=1 Qc,j(C∗,j, X∗,j, Z∗, b∗; ι)}2|C∗
] (S.29)

exists, provided (C1)–(C4) hold, where ˙̀
c,1(ι; g) is given in (S.27).

The efficient score of α for the complete likelihood is ˙̀
c,1(ι; g) − ˙̀

c,2(ι; g)[w∗c ]. The efficient

information of α for the complete likelihood thus takes the form of

Ic(α) = E
{

˙̀
c,1(ι; g)− ˙̀

c,2(ι; g)[w∗c ]
}⊗2

= E

[
m∗∑
j=1

Qc,j(C∗,j, X∗,j, Z∗, b∗; ι)
{
H(C∗,j)(X∗,j

T,Z∗
T, b∗)

T −w∗c
}]⊗2

,

with w∗c given in (S.29).

Using similar arguments above and a different expression of Qc,j in (S.29) based on the

observed likelihood function, we can prove the existence of w∗ and obtain a form of I(α). The

proof is thus omitted.

S.2.5 Proof of Theorem S.2

Proof of Theorem S.2. We first notice that ι̂c,n maximizes the penalized (complete) likelihood

(S.10) rather than an ordinary likelihood, thus ι̂c,n does not satisfy the efficient score equation

Pn
{

˙̀
c,1(ι; g)− ˙̀

c,2(ι; g)[w∗c ]
}

= 0.
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However, if we can show that the distance between α̂c,n and the efficient estimator is bounded

above by op(n
−1/2), then the result follows.

To show this, we first show that

Pn
{

˙̀
c,1(̂ιc,n; g)− ˙̀

c,2(̂ιc,n; g)[w∗c ]
}

= op(n
−1/2) (S.30)

which can begin with studying the upper bound of the penalization term. Indeed, if we plug(
(α̂c,n+sa)T, Ĥc,n−sw

)
T with w ∈ W∩Hn satisfying J(w) <∞, into the penalized log-likelihood

function (S.10), where a is a p-dimensional vector. Differentiating at s = 0, it is shown that

Pn
{

˙̀
c,1(̂ιc,n; g)Ta− ˙̀

c,2(̂ιc,n; g)[w]
}

+ λ

∫
(Ĥc,n)(q)(t)w(q)(t)dt = 0. (S.31)

Using the Cauchy-Schwarz inequality, the λ
∫

(Ĥc,n)(q)(t)w(q)(t)dt is bounded by λJ(Ĥc,n)J(w).

In Theorem S.1, it has been shown that

J(Ĥc,n) = Op(1).

Readers are also referred to Lemma 7.1 of Murphy and van der Vaart (1999) for additional

auxiliary results. Moreover, it is assumed that λ = op(n
−1/2), thus it follows that

λJ(Ĥc,n)J(w) = op(n
−1/2). (S.32)

As a result, the penalized estimator ι̂c,n satisfies the efficient score equation, up to a negligible

op(n
−1/2) term. It is obvious to show that (S.31) is free of a and thus

Pn{ ˙̀
c,1(̂ιc,n; g)} = 0. (S.33)

(S.31) and (S.32) together imply that for any w ∈ W ∩Hn,

Pn
{

˙̀
c,2(̂ιc,n; g)[w]

}
= op(n

−1/2). (S.34)

We next only need to verify Pn{ ˙̀
c,2(̂ιc,n; g)[w∗c ]

}
= op(n

−1/2) for least favorable direction w∗c .

Because each component of w∗c has a bounded derivative, it is also a function with bounded

variation. Using the arguments in Billingsley (1995, pp. 415–416) for functions with bounded
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variation and Jackson’s Theorem in de Boor (1978, pp. 149), it can be shown that there exits a

wn ∈ (W ∩Hn)p such that ‖wn −w∗c‖2 = O(n−1/(2q+1)). Furthermore, we have

P
{
`c
(
α0, H0 + saT(w∗c −wn); g

)}
≤ P

{
`c(α0, H0; g)

}
for s with small absolute value and a ∈ Rp, then P{ ˙̀

c,2(ι0; g)[w∗c −wn]} = 0. Therefore we can

write

Pn{ ˙̀
c,2(̂ιc,n; g)[w∗c ]

}
= I1,n + I2,n,

where

I1,n = (Pn −P)
{

˙̀
c,2(̂ιc,n; g)[w∗c −wn]

}
and

I2,n = P
{

˙̀
c,2(̂ιc,n; g)[w∗c −wn]− ˙̀

c,2(ι0; g)[w∗c −wn]
}
.

Let I1,n,k be k-th component of I1,n and denote

A1,k =
{

˙̀
c,2(ι; g)[w∗c,k − wn,k] : ι ∈ Θ×Hn, wn,k ∈ W ∩Hn and ‖w∗c,k − wn,k‖2 ≤ vn−1/(2q+1)

}
,

k = 1, . . . , p. It can be argued that the ε-bracketing numbers associated with L2(P)-norm

for Θ, Hn, and {wn,k ∈ W ∩ Hn : ‖w∗c,k − wn,k‖2 ≤ vn−1/(2q+1)} are v(1/ε)p, v(1/ε)vn
1/(2q+1)

,

and v(1/ε)vn
1/(2q+1)

, respectively. Therefore, the ε-bracketing number for A1,k is bounded by

v(1/ε)p(1/ε)vn
1/(2q+1)

(1/ε)vn
1/(2q+1)

, which results in a P-Donsker class for A1,k by Theorem 19.5

in van der Vaart (1998), k = 1, . . . , p. Since

˙̀
c,2(̂ιc,n; g)[w∗c,k − wn,k] ∈ A1,k

and as n→∞,

P
{

˙̀
c,2(̂ιc,n; g)[w∗c,k − wn,k]

}2 ≤ v‖w∗c,k − wn,k‖2
∞ → 0,

then by Corollary 2.3.12 of van der Vaart and Wellner (1996) we have

I1,n,k = op(n
−1/2) k = 1, . . . , p. (S.35)

By the Cauchy-Schwarz inequality and Conditions (C2)–(C5), it can be shown that each com-

ponent of I2,n,

I2,n,k = P
{

˙̀
c,2(̂ιc,n; g)[w∗c,k − wn,k]− ˙̀

c,2(ι0; g)[w∗c,k − wn,k]
}

≤ v · dist(̂ιc,n, ι0)‖w∗c,k − wn,k‖∞ = op(n
−1/2),

(S.36)
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k = 1, . . . , p. (S.35) and (S.36) imply that

Pn{ ˙̀
c,2(̂ιc,n; g)[w∗c,k]

}
= I1,n,k + I2,n,k = op(n

−1/2), k = 1, . . . , p. (S.37)

Thus, (S.31), (S.33), (S.34), and (S.37) together show that (S.30) holds.

We then show the asymptotic normality and efficiency of the estimator α̂c,n using Theorem

25.54 in van der Vaart (1998). For notational convenience, in the following, let ˜̀c,α,H(g) denote

the semiparametric efficient score function under general α and H for the complete data like-

lihood. We also write Pι˜̀c,α̂,Ĥ as an abbreviation for
∫ ˜̀

c,α̂,Ĥ(g)dPι, which is an integration

taken with respect to g only and not with respect to α̂ nor Ĥ. Under the result of (S.30), we

only need to verify conditions

Pα̂c,n,H0

˜̀
c,α̂c,n,Ĥc,n

= op(n
−1/2 + ‖α̂c,n −α0‖), (S.38)

and

P0

∥∥˜̀
c,α̂c,n,Ĥc,n

− ˜̀c,α0,H0

∥∥2 P→ 0, Pα̂c,n,H0
‖˜̀̂αc,n,Ĥc,n

‖2 = Op(1). (S.39)

For (S.38), in view of the fact that Pα,H ˜̀α,H = 0 for all (α, H), write

Pα̂c,n,H0

˜̀
c,α̂c,n,Ĥc,n

= (P0 −Pα0,Ĥc,n
)˜̀c,α0,H0 + (Pα̂c,n,H0

−Pα̂c,n,Ĥc,n
)(˜̀c,α̂c,n,Ĥc,n

− ˜̀c,α0,H0)

+ (Pα0,Ĥc,n
−P0 −Pα̂c,n,Ĥc,n

+ Pα̂c,n,H0
)˜̀c,α0,H0

= I3,n + I4,n + I5,n.
(S.40)

The definition of efficient score in van der Vaart (1998, pp. 369) shows that ˜̀c,α0,H0 is orthogonal

to all functions in the span of ˙̀
c,2(ι0). It then yields

(P0 −Pα0,Ĥc,n
)˜̀c,α0,H0 = P0

˜̀
c,α0,H0

{
p0 − pα0,Ĥc,n

p0

− ˙̀
c,2(α0, H0)(H0 − Ĥc,n)

}
.

Using the Taylor expansion, it is possible to show that

∣∣(P0 −Pα0,Ĥc,n
)˜̀c,α0,H0

∣∣ ≤ ∫ ∣∣˜̀c,α0,H0

∣∣ ∣∣∣∣ d2

ds2
pα0,H0+s(Ĥc,n−H0)

∣∣∣∣ dµ
for 0 < s < 1. Straightforward differentiation and Condition (C3) imply that

d2

ds2
pα0,H0+s(Ĥc,n−H0)
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can be upper bounded by v(Ĥc,n −H0)2 for a positive constant v independent with g and all s.

It follows that I3,n = Op(1)‖Ĥc,n −H0‖2
2. By the Taylor expansion, I4,n can be written as∫

(˜̀c,α̂c,n,Ĥc,n
− ˜̀c,α0,H0)

˙̀
2(α̂c,n, H0)(H0 − Ĥc,n)p0dµ

− 1

2

∫
(˜̀c,α̂c,n,Ĥc,n

− ˜̀c,α0,H0)
d2

ds2
pα̂c,n,H0+s(Ĥc,n−H0)dµ.

Since α̂c,n converges to α0 as shown in Theorem S.1, | ˙̀c,2(α̂c,n, H0)(H0−Ĥc,n)| is upper bounded

by |Ĥc,n−H0|, up to a constant not depending on g, with probability approaching 1. This, along

with Conditions (C2) and (C5), implies that

|˜̀c,α̂c,n,Ĥc,n
− ˜̀c,α0,H0| ≤ v · dist(̂ιc,n, ι0)2

on an event with probability approaching 1. Moreover, (d2/ds2)pα̂c,n,H0+s(wc,nhHc,n−H0) is

bounded above by (Ĥc,n−H0)2, up to a constant, with probability approaching 1. It thus follows

that I4,n = Op

(
‖Ĥc,n−H0‖2

2+‖α̂c,n−α0‖‖Ĥc,n−H0‖2

)
. We further use the Taylor expansion and

the Cauchy-Schwarz inequality to obtain that I5,n = Op

(
‖ι̂c,n− ι0‖2

2 + ‖α̂c,n−α0‖‖Ĥc,n−H0‖2

)
.

Therefore, (S.38) follows from the rate of convergence of α̂c,n and Ĥc,n as shown in Theorem S.1.

For (S.39), we first use the dominated convergence theorem and the consistency of ι̂c,n to

obtain that P0

∥∥˜̀̂
αc,n,Ĥc,n

− ˜̀α0,H0

∥∥2→0 in probability. Furthermore, by the consistency of α̂c,n,

it can be shown that Pα̂c,n,H0
‖˜̀̂αc,n,Ĥc,n

‖2 = Op(1) with similar arguments as those shown in

(S.35). As a result, (S.39) holds. To sum up, it is possible to use the results in Theorem 25.54

of van der Vaart (1998), and thus α̂c,n is efficient.

S.2.6 Proof of Theorems 2 and 3

We only need to show the similar result as in Lemma S.3 such that

P{`(ι; g)− `(ι0; g)}2 ≥ v‖ι− ι0‖2
Ξ , (S.41)

whenever dist(ι, ι0) < ε for some constant ε > 0. Indeed, the left hand side of (S.41) can be

written as

P

[
log

{∫
Lc(ι; g)db∗

}
− log

{∫
Lc(ι0; g)db∗

}]2

≥ v‖ι− ι0‖2
Ξ . (S.42)
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Next consider Lc{sι+ (1− s)ι0; g}, and then following the proof of Lemma S.3, it can be shown

that the left hand side of (S.42) is bounded below by

P

(
(∂/∂s)

[ ∫
Lc{sι+ (1− s)ι0; g}db∗ −

∫
Lc(ι0; g)db∗

]∣∣
s=ε∫

Lc{ει+ (1− ε)ι0; g}db∗

)2

,

for some ε ∈ [0, 1]. By Conditions (C3)–(C5), it thus suffices to show

P

(∫
∂

∂s

[
Lc{sι+ (1− s)ι0; g} − Lc(ι0; g)

]∣∣∣
s=ε

db∗

)2

≥ v‖ι− ι0‖2
Ξ.

Using the mean value theorem and the proof in van der Vaart (2002, pp. 431), the aforementioned

equation is satisfied, which completes the proof of (S.41) as a consequence. The rest of the proof

follows the same arguments as in Theorems S.1 and S.2, and are thus omitted.
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S.3 Additional simulation results

Table 1: Results of the simulation study for β = −1 and γ = −1 with 5 interior knots.

Here RB, R̃B, SD, SE, and CP denote the relative mean bias, the relative median bias,
the standard deviation, the median of estimated standard error, and the 95% coverage
probability, respectively. PAR: Parameter.

P θ = 2 θ = 1 θ = 0.5
A

R RB R̃B SD SE CP RB R̃B SD SE CP RB R̃B SD SE CP

n = 300
r → 0

β −0.01 −0.02 0.14 0.13 0.92 −0.01 −0.01 0.11 0.10 0.94 0.00 0.00 0.09 0.09 0.95
γ −0.02 −0.02 0.28 0.25 0.94 0.00 0.00 0.15 0.14 0.94 0.00 0.00 0.10 0.10 0.95
θ −0.01 −0.03 0.27 0.19 0.90 −0.01 −0.02 0.12 0.10 0.93 −0.02 −0.02 0.08 0.08 0.96

r = 1
β −0.01 −0.01 0.16 0.15 0.95 0.01 0.00 0.14 0.13 0.94 0.00 0.00 0.12 0.12 0.95
γ −0.02 −0.01 0.27 0.26 0.94 0.02 0.01 0.19 0.16 0.93 0.01 0.00 0.14 0.13 0.92
θ −0.01 −0.02 0.26 0.18 0.93 0.00 −0.03 0.21 0.12 0.93 −0.03 −0.04 0.17 0.15 0.94

r = 2
β 0.00 0.00 0.23 0.20 0.92 −0.01 −0.02 0.19 0.18 0.93 0.01 0.00 0.17 0.17 0.96
γ 0.01 −0.01 0.30 0.29 0.95 0.03 0.02 0.21 0.20 0.93 0.00 −0.01 0.19 0.18 0.94
θ 0.01 −0.02 0.33 0.20 0.91 −0.01 −0.03 0.24 0.18 0.93 −0.03 −0.04 0.26 0.24 0.93

n = 1000
r → 0

β −0.01 −0.02 0.08 0.07 0.93 0.00 0.00 0.05 0.05 0.95 0.00 0.00 0.05 0.05 0.94
γ 0.01 0.01 0.15 0.13 0.93 −0.01 0.00 0.08 0.08 0.95 0.00 0.00 0.06 0.06 0.94
θ −0.01 −0.02 0.17 0.10 0.92 0.00 0.00 0.06 0.06 0.95 0.00 0.00 0.05 0.04 0.95

r = 1
β −0.01 −0.02 0.09 0.08 0.94 0.00 −0.01 0.08 0.07 0.94 0.00 0.00 0.07 0.07 0.94
γ −0.01 −0.01 0.14 0.14 0.95 0.00 −0.01 0.09 0.09 0.95 0.00 0.00 0.07 0.07 0.94
θ 0.00 0.00 0.15 0.10 0.90 0.00 −0.01 0.09 0.07 0.94 −0.02 −0.02 0.08 0.08 0.97

r = 2
β −0.01 0.00 0.11 0.11 0.95 0.00 −0.01 0.11 0.10 0.94 0.00 0.00 0.10 0.09 0.94
γ 0.00 −0.01 0.16 0.15 0.95 −0.01 −0.02 0.13 0.11 0.93 0.00 −0.01 0.11 0.10 0.95
θ −0.01 −0.02 0.15 0.11 0.91 0.01 −0.01 0.18 0.10 0.92 0.02 0.02 0.16 0.13 0.91
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Table 2: Results of the simulation study for θ = 3.5, β = 2, γ = −2, and r = 2 with 5 interior
knots. Here RB, R̃B, SD, SE, and CP denote the relative mean bias, the relative median bias, the
standard deviation, the median of estimated standard error, and the 95% coverage probability,
respectively. PAR: Parameter.

P n = 300 n = 1000
A

R RB R̃B SD SE CP RB R̃B SD SE CP

β −0.01 −0.02 0.22 0.23 0.96 −0.01 −0.02 0.12 0.13 0.96
γ −0.05 −0.05 0.43 0.43 0.94 −0.03 −0.03 0.24 0.24 0.93
θ −0.04 −0.04 0.24 0.32 0.96 −0.03 −0.03 0.13 0.18 0.96
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Table 4: Comparison of the average computation time in seconds for the proposed MM algorithm
and direct maximization using the regular Newton-Raphson (NR) method. This comparison is
for r → 0 (the PH model), β = −1, γ = −1, and θ = 0.5.

k = 2 k = 5
n MM NR MM NR

300 19.11 191.15 29.22 846.97
1000 65.57 1030.70 114.45 5262.27
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