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A.1. IDENTIFICATION OF THE PARAMETERS OF THE MODEL PR(W = 1|8, X" Y =0, Z)

The identification comes from the assumed non-linear structure for pr(X = 1|S, X" Y =0, Z).
Had pr(X = 1|S,X",Y = 0, Z) been linear, the parameters would not be identifiable. In short
we write H(yo+7F S+~L X*+~1Z) as H(v,S, X", Z). In our case H(-) is the logistic function,
which is nonlinear.

To see the identifiability issue, we need to show that for every given parameter set (v, ag, 1)
if another parameter set (v*, g, o) satisfies pr(W = 1|S, X", Y = 0, Z; ag, a1,v) = pr(W =
118, X", Y =0, Z;af, af,v*) for every choice of S, X™ and Z, then (v*, o, af) = (v, o, a1).

To see this, by Equation (3.3) we start with

a+(1l—ag—a1)H, S, X", Z)=a5+(1—a5—a])H(¥", S, X", Z) (A1)

for every choice of (ST,X*’T,Z*’T)T. Let v* = —v, oy = 1 — a3 and of = 1 — ap. Then
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H(~*8,X*,Z)=H(—~,8,X*,Z)=1—-H(~,S,X",Z) and

af+(1—af—a)HH®",S, X", Z)=1-a1)+(1—-14a1 —1+a)H(—,S, X", Z)
=(1-a)+(-1+as+m){l—H(, S X", 2)}
=(1-a)+(-1+ap+ay)— (—1+ap+a1)H(v,S, X", Z)
=ag+(1—ag—a1)H(v,S, X", Z).

On the other hand, under the monotonicity restriction ap+a1 < 1,if o] = 1—ap and of = 1—ay,

then af + a7 =(1—a1+1—ag) =1+ (1 —ap —ay) > 1. Hence, this particular choice of o, af

does not satisfy the restriction, and is not a cause of concern anymore.

Finally, we need to check if there is any other choice of (o, af,v*) that satisfies (A.1). Suppose

that there exists (af, af,~v*) that satisfies (A.1) for every choice of S, X* and Z. This implies

that for every (Sg, X7, Zr), k=1,2,...,
Oéé + (1 —CMS - OKT)H(’)’*7S]€,XZ,Z]€) =aqp+ (1 — g — Oﬂ)H(’Ya Sk7XZ;Zk:)~

Since 1—af—aj > 0and 1 —ap—ay > 0, it is readily seen that each element of (77, v3) must have
the same sign as the corresponding element of (v,,75). By letting T' = o+~ S+43 X*+41'Z —
—oo (and then T* = 7§ +viTS +v3T X* + 41 Z — —o0 also), it is clear that af = . Likewise,
due to the nonlinearity of H(:), af = ay. This leads to T* = T and thus v* = ~, showing the

identifiability of these parameters.

A.2. PROOF OF LEMMA 1
Because of the logistic model assumption and the assumption on W and X™* we can write
1—pr(Y =0|S, W, X, X", Z)=pr(Y =1|S,W, X, X" Z)
=pr(Y =1]5,X,2)

= exp{go(S) + /1 X + B2 Zpr(Y = 0|8, X, Z),



where go(-) is given in Model (2.1). We now consider

pr(Y = 1[S,W, X", 2)

= Z pI‘(Y: 1|S7VV,X:I,X*,Z)pI'(X:I|S7VV,X*,Z)

z=0,1
= Z pr(Y = 1|8, X =z, Z)pr(X = z|S, W, X*, Z)
z=0,1
= > exp{go(Si) + prz + 8] Zlpr(Y = 0|S, X =z, Z)pr(X = z|S,W, X", Z)
z=0,1
= Y exp{go(Si) + frx + B3 Z}pr(X = 2|S, W, X", Y = 0, Z)pr(Y = 0|S, W, X", Z)
z=0,1
=pr(Y = 0[S, W, X", Z) Y exp{go(S) + prz + B3 Z}pr(X = z|S,W, X",V =0, Z)

z=0,1

=pr(Y =0|S,W, X", Z) exp{go(S) + ﬁgZ}{exp(,Bl)pr(X =18, W, X", Y =0, 2)
+pr(X =0|S, W, X", Y =0,2)}

= pr(Y = O‘S7WX*a Z) exp{gO(S) + Bgz +gl(ﬁlysi7WaX*a Zv’y,n)}a

where the expression of g1(81, S, W, X", Z,~,n) is obtained after plugging the expression for
pr(X = 1|S, W, X*)Y = 0,Z) and pr(X = 0|S,W, X*)Y = 0,Z) from Equations (3.4) and

(3.5). In particular,

exp{gl(ﬁh va = ]-7X*7 Z»’Yﬂl)}

=exp(f)pr(X =1S,W=1,X"Y=0,Z)+pr(X =0|S,W=1,X"Y=0,2)

exp(41) (1—a)H(~,S,X",Z) 41 (1-—a)H(~,S,X",Z)
=ex _
P e (0 —a0—anH(,58.X". Z) a0+ (1—ag—an)H(y, S, X", Z)
:eXp(ﬁl)(l_al)H(PYaS,X*aZ)—i_O‘O{]-_H(Vvst*vz)}

ao—l—(l—ozo—al)H('y,S,X*,Z) ’

(A.2)

exp{g1(f1,S, W =0,X",v,n)}

=exp(f1)pr(X =1|S, W =0,X"Y =0,Z) +pr(X =0|S,W =0,X"Y =0,2)

OZ1H(’7,S,X*,Z) 41— alH(PYaSaX*7Z)
— Qg — (1—040—(11)H(’7,S,X*,Z) 1_040_ (1_a0 _al)H(7757X*7Z)
_exp(B)onH (7,8, X" Z)+ (1 —a){l - H(~, 5, X", Z)}
1—ao_(l_ao—al)H(%S;X*»Z) .

=exp(f1) T

(A.3)



A.3. PROOF OF THEOREM 1

Collecting S (v,m), Sy(v, 1), S5, (8,7 1), S g_ (8,7, M) together and letting & = (v, 0", B1,83)"

—~ o o~ AT ]
and 6 = (’yT, nT, B1,85)T, we can write

V(@ —6) = A" i U, +0,(1),
i=1

where Us are iid and mean zero and finite variance random vectors. A = —FE(0U,;/96). By
the Central Limit Theorem we obtain the asymptotic normality of 5, and the asymptotic vari-
ance of \/nf is A~ lvar(U;)A~T. This asymptotic variance can be consistently estimated by

AN, ﬁlﬁ?/n)g_T with A = —(1/n) Y7, U, /06 and U; being U; with 0 replaced by

)

A.4. PrRooOF OoF LEMMA 2

Part i) of Lemma 2

pr(Y =18, X*,2)=> pr(Y = 1|8, X =2, X", Z)pr(X = z|S, X", Z)
= exp{go(S) + frz + B3 Z}pr(Y =08, X = 2, X", Z)pr(X = 2|8, X", Z)
=Y exp{go(S) + Brz + B3 Z}pr(X = x|S, X", Y =0, Z)pr(Y =0|S, X", Z)
=pr(Y = 0[S, X", Z)[exp{go(S) + B Z}{1 ~ H(v,5,X", Z)}
+exp{go(S) + f1 + B3 Z}H(~, S, X*, Z)]
=pr(Y = 0|S, X", Z) exp{go(S) + B Z}

x{1—H(v,S, X", Z)+exp(f1)H(v,S, X", Z)}.
This implies

pI'(Y = 1|37X*aZ) :H{QO(S) +ﬁgZ+92(’}’,ﬁl,S,X*,Z)}7



where

g2(’7,ﬁ1,S,X*,Z) ZIOg{l —H(’)/,S,X*,Z)—l—eXp(ﬂl)H(")’,S,X*,Z)}.

Part ii) of Lemma 2

Y =18, X =1, X* Z)pr(X = 1|8, X", Z)
pr(Y =1|S, X", Z)
exp{go(S) + B1 + B3 Z}pr(Y = 0|8, X =1, X", Z)pr(X = 1|8, X", Z)

pr(X =18, X*,Z,Y =1) = pr(

- pr(Y =1|8, X", Z)

exp{go(S) + A1 + B2 Z}pr(X = 1|8, X*,Y =0, Z)pr(Y =0|S, X*, Z)
pr(Y =1|S,X", Z)

_ eXp{QO(S) +61 +ﬂgZ}H(7’ SaX*?Z)
exp{go(S) + B2 Z + g2(7, 51, S, X", Z)}
exp(B1)H (v, 8, X", Z)
exp{g2(7, 51,5, X", Z)}

exp(f1)H (v, 8, X", Z)
1-H(v,S8,X*,Z)+exp(f1)H(v,S, X", Z)
exp(yo+ A1+ S+ X" ++32)
Cl4exp(yo+ B +TS+IX  +4%2)

=H(y+A+v{S+vi X" +~%2).

Part iii) of Lemma 2

pr(W =1|S, X" Y =1,2)
—pr(W =18, X =0, X",V = 1, Z)pr(X = 0|S, X*,Y = 1, Z)
(W =108, X =1, X", Y =1, Z)pr(X = 1|8, X", Y = 1, Z)
=pr(W =1X =0)pr(X =0|S, X", Y =1,2)
+pr(W =1X =1)pr(X =1|S, X", Y =1,2)
=ap{l —pr(X =1S,X* Y =1,Z)} + (1 —ay)pr(X = 1|8, X",V =1, 2)
=+ (1—ay—ay)pr(X =18, X", Y =1,2)

=g+ (1—ag—a)H(yo+ b +71 S +v3 X" +73 2).



