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These supplementary materials contain a detailed derivation of 7,, regularity conditions, neces-

sary lemmas, and the proof of the theorems and Corollary 1.

S1 Derivation of 7,

Note that
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Since a consistent estimator of M(3y/m) is (71)*/™, 7, can be consistently estimated by
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Now plugging in the above expression in (S.1) we get

o= m G E) [nm Z > oW - W exp((V W)ﬁ?/m}]

jk 1,j<k i=1

- @1)(m_2)/m[ Z Z ) exp{(W; W{;c)ﬂz/m}],

]k 1,j<k i=1

and this last expression is given in Equation (8) of the main document.

S2 Regularity conditions

Define a class of functions F = {A : [0, 00) — [0, 00), A is monotonically non-decreasing, A(0) = 0},
and let B be a compact subset of of the Euclidean space RP™'. Let B = (B, 3:) and 6 = (3, A).
Thus the parameter space of 6 is © = B x F. Define a metric d on O as

d(0,0") ={(B-B)"(B-B")+ sup [A() — A ()P},
To derive the asymptotic properties of the proposed error corrected estimator, we assume the
following regularity conditions to hold.
Cl. f(A,Z, 3, o) is a continuous function of A such that E(Sg) does not vanish except at the true
B value, where Sy = (S} ,Ss,)". In addition, the matrix E(9Sg /0B%) is a continuous function of
B and at the true 3 value it has eigenvalues bounded away from zero and infinity. The matrix Xy
defined in (S.3) is nonsingular.
C2. The true 3 lies in the interior of B.
C3. (W, Z,8),Zg:(W,Z,3), Wgs(W,Z,8), g2(W,Z, B) are integrable functions of (W,Z) for all
B € B.
C4. The true baseline cumulative hazard and hazard functions A(u) and A(u) are bounded for
u € [0,7].

C5. The estimated a satisfies y/n(a — a) = O,(1) when n — oo for all & in a compact set.



S3 Proof of Theorem 1

We first inspect the situation where an arbitrary fixed a is used in the construction. Define
'l/)nﬂ:,l = nilsﬁn wn,x,Q = nilsﬁz) wn,x,3 = nilsAa ¢n,x = (¢g,m,1a¢n,x,2a¢n,x,2>rra where the
subindex , indicates that these are equations associated with the unobservable covariate X. De-
fine ¥, ; = n7ISE, Yuo = nTISES, Yus = 0TS, iy = E{i(0,0)}, e = E{y5(0,u)}, and
¥ = E{¢5(0,u)}, where

Yi(0,u) = AZ{1+AV)(W,Z,8)}{AV),Z,8, a}
~2g(W,Z,B8) [F{A(V),Z,8,a} — F(0,Z, 8, )],
V3(0,u) = MW +AV)g(W,Z,8)} {AV), Z, 8,0}
—92:(W, 2, 8) [F{A(V),Z,8,a} — F(0,Z,8, )],
U3(0,u) = {1+ Mu)gi(W,Z, B)}dN(u) = Y (u)A(u)g:(W, Z, B).

Let 9, (60, u) = (9} 1, Pn2, n )", 97 (0, 0) = (77, 05, 45)" and 9(0,u) = (7,4, ¢)". For every
u € [0, 7], E(1,) = 1. Obviously ¥, : © — L where L is a normed space equipped with the supreme
norm ||-||1,. Following Theorem 2.10 of Kosorok (2008), to prove d(6,,, ) L0 for 0 (62)]] L 0we
need to show i) (Identifiability) Let ¢/(#) = 0 for some 0 € O, if for a sequence 6,, € O, ||¢(6,,)||r — 0
then d(6,6,) — 0; and ii) (Uniform convergence) suppcg |[¢n(#) — ¥(0)||r = 0.

To show i), we only need to show that 1(f,u) = 0 has a unique solution 6. (6,u) = 0
implies 0 = E[E{Y"(0,u) | Z,X,V,A}] = E{¢, .(0,u)}. Because 9, .(0,u) = 0 leads to a con-
sistent estimator of § (Chen, Jin and Ying, 2002), hence E{, ,(0,u)} = 0 has a unique root ¢
in the neighborhood of the true parameter. To show ii) we need to show that the class of func-
tions {7 (0,u),¥5(0,u),v5(0,u),0 € ©,u € [0,7]} is Glivenko-Cantelli which requires us to show
that sup,eo. [¥7(0,u)|, supyepo ¥5(6,u)|, and sup,ep - [13(0,u)| are dominated by integrable
functions (Lemma 6.1 of Wellner (2003)).

Under the above regularity conditions sup,,¢(o ;) %7 (0, u) and sup,,¢(o ;) ¥ (0, u) are obviously dom-

inated by integrable functions. For ¢3(6,u),

sup {1+ A(u)gi(W, Z, 8)}dN (u) = Y (u)A(u)g:(W, Z, B)|

u€(0,7]
< sup dN(u) + sup dN(w)A(w)g:(W.Z.8) + (W, Z, 8) sup Y (u)A(u)
u€[0,7] u€(0,7] u€[0,7]

Under the regularity conditions sup,cp ¥35(0,u) is also dominated by an integrable function.



Having established the local consistency of B and A under a fixed a, we can now easily extend
the results to the situation where @ is used. Assume & — « in probability when n — oco. Write
the estimators under « as B(a) and A(a), and the ones under an estimated & as B(a) and A(@).
Then B(&) - E(a) and A(@&) — A(a) go to zero in probability when n — oo, hence A(c) and B(a)

are also consistent. L]

S4 Necessary Lemmas for Theorem 2

Result 1. (Polyanin and Manzhirov, 2008) If y(t) = fot a(u)y(u)du + b(t) and y(0) = 0 then

t):exp{/ot du}/ exp{— / u)du}b'(s)ds

Lemma 2. The cumulative hazard function estimator has the martingale representation

ViA{t, B.1(B)} — A(t)] = \/_Dl Z/ j { (S)W} dM;(s) + 0,(1)

for all B in the interior of B.

Proof: From the estimating equation S}*° = 0 we can write

~ P+ A, By (8) (Wi, Za, B) o (B)]dN(5)
A%@““”“/ S Y (3)0(Wis Zo, B)/ 1 (B)

/ZZ 1{1+A (Wi, Zi, B)/71.(B) }dNi(s)
> i Yi(s)n(Wi, Zq, B)/n(B)

(s)n
Yi(s
Zz 177(W17Zz,,6) -~ s B S ”
S Vi)W Za, B) M B (B)} = Als) AN ().
( 1

Using dN;(s) = Yi(s)\(s)n(Xs, Z;, B)ds/{1 + A(s)n(X;, Z;, B)} + dM;(s) and using the strong law

of large numbers, we obtain

K{t7/6”yl(13)} _ / d3+ Z/ 1+A C WZ,Z“/@>/P}/1< )dMZ<S)

+

1(8)/7.(8)
tCQ(S) -~
+ [ G R B (81} - Als)as
+ﬁ2£”m%ﬁAmammwMWM@. 52)



The fourth term on the right hand side of (S.2) is of order op[f(f IA{s,3,71(8)} — A(s)|ds], hence it
is negligible. Therefore,

A{t,8,%(8) Z/ LT Als WZ/’fil(’ﬂ))/%( )d]\/[i(s)

e ~ PN
s [ 2R 800 — Ads + oyl | Ris.Biu(8)) — AGs)as)
o Ci(s) 0
To solve the above integral equation in the leading order we use Result 1, and we get the desired
result. O

Lemma 3. For large n, 7(8) satisfies
Vi{A(B) = v(B)} =n Y £(W;,8) +0,(1)
i=1

for all B in the interior of B.
Proof: By definition

= R e W’“”}dp

7,k=1,7<k

m/2—1

Let P, be the empirical distribution of based on W = (W}, --- , W) and d; be the Dirac measure

at the i observation. Let P be the population version of P,. Then 7;(3) can be written as

B D S (LI P

7,k=1,7<k

m/2

Now using von Mises expansion (van der Vaart, 1998; p. 292), we can write
\/ﬁ{% (B) —n(B)}
1 [0
= — —P{(1 —t)P + to; 1
i3 el -op | o

}ZMW 2(5,/m) ) <;[ZXP{<W* . *)ﬂz}_EeXp{W;—Tm%H tall)

}ZMW 2 (Bofm) ) k[exp{(W )%}—MQ (%)] +o,(1).

IM: I



Now consider 75(3), and we can write

w(B) = [ _1/ Z eXp{W* W;I)ﬁ}dp

3,k=1,5<k

[ _1/ Z — W) exp{@}dp .

J,k=1,5<k

m/2—1

Using the von Mises expansion we write

Vi{92(8) —12(8)}
- %Z(% [ P lKkeXp{ W*)ﬁ }dp
m(m [ / Z exp { Wk)ﬁ } dP + Z exp { (W3 —mW{Z)ﬁz }]

J,k=1,7<k J,k=1,5<k

a%~—wm@}dp
m

m/2—2

[m <m>mmm{

]k 1,5<k

1 ] £

3,k=1,7<k

. N (W — W) Ba
[ m{m jk 1g<k(VVj _Wk)exp{T}dP
. ) (Wi = Wik) B
—l—m(m — » %Kk(W — W},) exp { - } + 0,(1)

T VR4 Z (5 )Mo (ii) [m(mQ— D jyé;dexp{(w’? _mW"Z)B 2} — M (%)]
x%%jL%;M(mg) (%)

[m(ml— . 2’”: (W — W) exp { (Wi — Wi)ﬁz} _ TW] +0,(1).

m 2 9,
Jik=Lj<k b

Lemma 4. At any t € (0,7],

i) AL (t,B.) = Dalt) +0,(1), i) Ky(t,8,7m) = DI (1) + 0,(1).
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Proof of part i): Since at any 3,7, /AX(t,,B,'y) satisfies SY°(t, B,7v) = 0, we have

/ P 1{’71+A B y1)n(Ws, Z;, B) }dNy(s)
> i Yi(s)n(Wi, Zy, B) '

Taking partial derivative with respect to v, on both sides, we have

tﬁ’h

A (t,8,m)
/ > 1{1+A (s, B,71)n(Wi, Zi, B) }dNi(s)
> imy Yi(s)n(Wi, Zy, B)

)n

(

/Zz 1{1+A (s, 8, 71)n(Wi, Zi, B) }dM(s)
z 1 Z( ) VV% Zzaﬁ)

+/ S AL+ N (s, B,70)0(Wi, Zi, B)}Yi(s)Ms)n( X, Za, B)/{1 + A(s)n(X:, Zy, B) }ds
Z?—l Yi(s)n(Wi, Zs, B)

O gavges [C)
- /(; Cl<S)A’Y1( 516771)61 +/ Cl( )d + P(l)

To solve the above integral equation in the leading order we use Result 1. Thus the solution of the

exp{ /

= D1(5)Cs(s) s+o
B Dl(thvA)/O 01(8) ds + p(1>

Proof of part ii): Since at any 3, ~, K(t,,@,’y) satisfies SY¢(t, B,~) = 0, we have

/Zz 1{71‘1‘/\ By y1)n(Wi, Z;, B) }dNy(s)
> i Yi(s)n(Wi, Zy, B) '

Taking partial derivative with respect to 3 on both sides, we have

integral equation is

R (1, 8,) ) [ewt- [ i dub s + 0,(1)

(s)

t671

A/ (t,8,m)
_ / S (s, B.m) + A(s, B.7)(ZE, W) T (Wi, Zi, B)dNi(s)
> Yils)n <Wz,zi,ﬁ>
B / S+ Als, B, 9)n(Wa, Zi, BYHI, Yi(s)n(Wi, Zi, B)(ZF, Wi)THN, (s)
{0 Yi(s)n(Wi, Z:, B) 2
/ZZ AN (s, 8,m) + (s, B, 1) (ZF, W) " yn(Wi, Zy, B)dMi(s)
Zz 1 Z( )W(WuZi,ﬁ)
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/ Sy {y + A(s, B, 1)n(Wi, Zi, B)}Ca(s)dM(s)
{321 Yils)n(Wi, Zi, B) }Ci(s)

LA 5(5,8,7)Ca(s) + A(s, B,71)Cs(s) {11C5(5) + A(s, B,71)Cs(5)}Ca(s)
o ) o= [ CF(s) *
+op(1)
[ O s s [ AEBIICEICH) ~ GO} = nCa(s)Cals)
—i—op(l).
To solve the above integral equation in the leading order we use Result 1. Thus we obtain
Rt Bo) — %(t)/o DI(S)A(S,B,%){Cl(s)%(s) _C?(QS)CAS)} ~nG(5)Cals) o0,
O

S5 Proof of Theorem 2

Proof of part i): We first prove the results under a fixed a. Later we show that even when a is
replaced by a the asymptotic variance of B remained unchanged. From the estimation procedure,

we know that B satisfies

—n_mzqﬁoz,ﬁ,/\{%ﬁm( ZAk,
where

Al = 03 9l0:8 A1) () )

A = w3 (6108, MV 8,181 7(6). o] ~ 6(058AM).2(8). o).

Ay = ‘1/22@0“[3,/\{%6 1(8)1,3(8), @] - $[0:: B, A{Vi: B.1(8)},7(8). @]
A= Y (¢ B MV B.51(8)},3(8). ol — #[0s: B.A{Vi: B, (B} A(B). )
Ay = nY <¢Oz,ﬁ,A{Vz,6,%( 13(8). o — ¢[0:: 8. K{Vis 8.71(8)},7(8). )
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Following Lemma 3, and using the definitions of ¢., ¢4 and ~4, we have

Ay = {o,+0,()}Va{3(B) —n-Wquf B) +0p(1),

As = ¢uvn(B—B)+o,(1),
As = . v:v/n(B — B) +o,(1).

Using Lemma 4, we have
Ay = E(6r(0)N, (Vi B Wi — 1) + op(1)
w2 Z E {63(0.)Do(V)} f,1(W:, ) + 0,(1).
and _

A; = Elgp(0){AL (Vi,B,m), 0}v5vn(B — B) + 0,(1)
= [0pt1)xps 12E {92 (0:)Da(Vi)}] V(B = 8) + o,(1),

Similarly, using Lemma 4, we have

Ag = E{$x(0)AL(V;, B,7)}n(B — B) + 0,(1) = E{¢»(0,)D5 (Vi) }v/n(B — B) + 0,(1).

Using Lemma 2, we have

Ay = —1/2Z¢ DIAVE B,7(8)} — AVA)] + 0,(1)

— 32 é2(0:)11(8) [V Di(s) Sn(Wjazj’ﬂ) (s)+ o
B A R e IR

1723 240 (B) " Da(s) n(W;,Z;,3)
= nV ZIA&WE[ e {1+A(8)W}de(s)|Oz}
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+n‘1/22n:E [¢A(J)()1i)71(5) Vi D1(5) {1 +A(3)M} dM;(s) | O]}

71(8)
s 2 ] i
Al

e T

— —1/227 /D4 {1+A )%}dm(swo},m

_ nl/QZ/ g(s, Wi, Z;)dM;(s) + op(1),
i=1 V0

where we used the U-statistic property to obtain the above third equality.

Combining the above results, we have

0 = n 'Y ¢{0;B8,A(V),v(B),at +n 1) / " (s, Wi, Z0)dMy(s)
i=1 i=1 70

+n71 2N (0,8, (W, 8) + E{$x(0)Ds(V)} f11(W;, B)]

i=1

-I—ZH\/ﬁ(B —B) +0,(1),

where
Su=¢5+ 0,75+ E [d4(0:)D3(V;) + {00ps1)xp, 1204 (0:)Da(V7) }] -
Hence

~

ViB-p) = i Z{(ﬁ{oz,ﬁ, AW ()0 + [ g, Wiz

FO.E(WEB) + E {@a(O)Du(V)} £,:(WE,B)| +0,(01)
The first term of the summand can be written as

#{0:; 8, A(Vi),v(B), o}
/oo [ Zi{v1 + A(s)n(Wi, Z;, B) } f{A(s), Zi, B, o}

{Wind + A(s) (Wi — 22)n(Wi, Zi, B) }f{A(s), Zi, B, o}

10
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+ h([]“ W“ Zz) /OO f{A(S)7 ZZ:ﬂ? a}Yz(S>/\(S)n<Xza Zzw@) dS, (85)

L+ A(s)n(Xi, Zi, B)
where h(U;, W;, Z;) = [Z] {1 — exp(B2U;) }, {Wiy? — Wi exp(52U;) + 2 exp(B2U;) }]T. Expression
given in (S.4) has mean zero as it is a stochastic integral with respect to a martingale where the inte-
grand is a predictable process. The expression given in (S.5) has mean zero as E{h(U;, W;,Z;)} =0
and [° f{A(s), Z;, B, a}Y;(s)\(s)n(X;, Zi, B){1+ A(s)n(X;, Z;, B)}~'ds and h are conditionally in-
dependent. The mean of the second term of the summand is zero as it is also a stochastic integral
with respect to a martingale where the integrand is a predictable process. The mean of the third
and fourth terms of the summand are zero as E{f,(W},3)} =0, E{f,1(W},3)} = 0. Therefore,

using the central limit theorem we obtain asymptotic normality of the estimator. Consequently

nvar(8) — Y Yy, where
S —E| ${0: B, A(V)), v, o} + / g (s, W, Z)dM(s)
0
®2
B {dp(0)Do(V)} £ (W, B) + b, £, (W, a)} |

We now consider the estimation under &. We have nvar{B(&)} = E[nar{B(a) | a}] +
nvar[E{B(&) | @}]. Thus, nvar{B(&)} = 'SuS;" + E{0B(a)/da  }nvar(a) E{08(a)" /oa} +
o(1), where E{0B(a)/0a} = n~Y/25'S, with

5 - E[%{Oi;ﬁ,/\(%),'r(ﬁ),a}+/T ag(s,alt,Wz-,Zi)
0

oaT ol

dM;(s)

et (Wis8) + 8 { P01 1) =0

+
oaT

The first term of X, is

o CC CHRUGRTCRSY

. (/oo Zi{n + A(s)n(Wi, Z;, B)} F{A(s), Z:, B, a}E{dM.(5)|f(5)}
0 2 8aT !
{Wini + A(s) (Wi — v2)n(Wi, Z;, B) }

Of{A(s), Zi, B, o} [0 ]Yi(s)A ()1 (X, Ziﬁ)ds)
1+ A(s)n(Xi, Zs, B)

0

=0.
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The second term of 3, is zero due to again the martingale property with the integrand dg(s, t, W;, Z;)
/Oa™ that is a predictable process. The third and fourth terms are zero due to E{f,1(W;,8)} =
E{f,»(W?,8)} = 0. Hence, nvar{B(&)} = S5'Su 5" + 0,(1). 0

Proof of part ii): We first prove the result for fixed . We can write

Va[A{t, B,7:(B ZBk,

where By = /n[A{t, 8,71(8)} ~A(t)], B = va[A{t, B,71(8)} —A{t, B, (B)}], Bs = Vn[A{t, 8,7
(8)} = A{t, 3,91(8)}], By = vn[A{t, 3,7:1(8)} — A{t, B,7.(B)}]. Observe that using Lemmas 3 and
4 we can write By = Do(t)n ™2 30 f,1(WE, B) + 0,(1), By = Dy(t)(07,72)/n(B — B) + 0,(1),
and By = DT (t)\/n(B — B) + 0,(1). Adding all four terms and using the expression for v/n(8 — 3)

from the proof of the previous theorem we can write
\/_[A{t BB} - A( )]
_ BB g D0
Ao, G et e+ B S ow

—{Dy(t)(0",72) + D3 (1)} 21_11% Z |:¢{Oi;/87 A(V),~(B), o} + /Ooog(su Wi, Z;)dM;(s)

(W) + E{¢A(0)D2(V)}f%1(wf,ﬁ)} Top(1)

1 — o0
:% Z{/ wl(saty WmZz)sz(S) +w2<t7Xi7Ui7Wi*7Ziy}/i)}‘i_Op(l),
i=1 /0

where
71(8) Di(s) n(Wi, Z;, )
(s, t, Wi, Zy) = Dl()l(0<s<t)cl() 1+A()—%(ﬁ) }
—{D2(t)(0%,72) + D5 (8) } B8 (s, Wi, Zy),

1/}2(tuXi7Ui7Wz’*7Zia}/i> :DQ(t)fv,l(W;'kvﬂ)_{DQ(t) ’72 +DT }Z ¢{Ozaﬂ7 ( )7aa}
+ &, 5,(Wi,B) + E{¢s(0)D2(V)} £,2(WF,8) ]

Therefore, for any 0 < ¢t <t < 7, the covariance kernel of this process is

Q1) — ncov([ﬁ{t,m@)} CAWLI BB —A<t’>])

12



T ®2
E{/ ¢1(S7t7W7Z)dM(S)+¢2(taX7U7W*7Z7Y)} :
0

Now consider the case where « is replaced by a. To emphasize the dependence of ﬁ on Q, we use
B(&) to denote the estimator and use 3 to denote B(a). Writing Bs = /n(A[t, B(&),%{B(a)}] -
/AX{t, ,@,%(,@)}), and using the similar derivation as in part i) of Theorem 2, we show that B; =

0p(1). Therefore, the covariance kernel of this process remained unchanged even if we replace ﬁ by

~

B(a). O

S6 Derivation of an estimator of >,

Based on the derivation of Appendix S5 we can write \/n(8 — 8) = YN AL+ AL+ A3) +0,(1),

where
1 n
A = mz¢{oi;/@w/\(%)a7(/@)aa}
i=1

Zz’{’Yl + A(S)U(Wia Zia ﬁ)}f{A<5)7 Zi= 167 a}le(‘S)
[ & /oo —Yi(8)Zin(W;, Z;, B) f{A(s), Z;, B, a} X\(s)ds

= {Wind + A(s) (Wi — v2)n(Wi, Zy, B)} f{A(s), Zi, B, a}dNi(s)
=Yi(s) (Wi = 2)n(Wi, Zi, B) f{A(s), Zi, B, a} A(s)dss

A5 = 1/22/ g(s, Wi, Z;)dM;(s),

A = S IE(WEB) + E(64(0)DuV)) £1s (Wi 8]

=1

and each term A;, A; and Aj has mean zero. Thus, for calculating V&I‘(B) we need to calculate
var(A; + A5+ A%) = var(A) +var(Aj) + var(A%) + {cov(A1, Aj) +cov(Ay, A5} + {cov(Aq, Al) +
cov(Aq, A)}T. Note that cov(Aj, Aj) = 0. Now

G = var(A) = E[¢**{0:; B, A(Vi),7(B), a}].

Next consider

Y (s)n(W,Z, B)\(s)ds
1+ A(s)n(W,Z,8)

Since g is a predictable function E [° g®?(s, W, Z)dM(s) = 0, so we can write

G® = var(A}) = E/ g (s, W, Z)
0

G® = var(A}) = E/ g®(s,W,Z)dN(s).
0
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Next

G® = var(A%) = <[¢ £.(W7,8)+ E{qu(O)Dz(V)}fm(Wf,ﬁﬂ@Q)

GW = cov(Aj, A}
. E(qb{oi;ﬂ,A(v;)nm), o) [6,5, (W, B) + E {¢5(0)Da(V)) f7,1<wz,ﬂ>f).

Note that all the above described terms are expectations with respect to observable variables, not
involving X or U. Therefore, they are consistently estimated by the respective empirical averages.

Finally, we consider cov(A, Aj):
G® = cov(A, AL)
Zi{n +A(Vi)n (WZ,ZHB)}f{A( i), Zi, B, a}
( ~Zn(Wi, Zi, B) [y Yi(s) f{A(s), Zi, B, e} (s)ds
El A,

{Win + AV (Wi —12)n (Wz,Zmﬂ)}f{A( i), Zi, B3, o}
—(mWi =i (WZ,ZZ,,@ Jo Yi(s) F{A(s), Zi, B, a}A(s)ds

gT(‘/;a M/ia ZZ))

s [ Z{n + A(s)n (VVzaZsz)}f{A( ). Z;, B, o}

E( / AN;(s)
0 {VVZ’}/l + A )(’Yle - 72)77(le Zu/@)}f{A(S>’ Ziw@va} |
> i(s)A(s)n(Xi, Zi, B)

<[ €T ds)

< Zin(Wi, Zi, B) [y Yi(s) f{A(s), Zi, B, e} (s)ds ]
+E
71W 72 Wzazzaﬁ fo z f{A( ) Ziaﬁ>a})‘<3)ds

Yi(s)A(s)n(X 2. B)
<f e (SW”Z’HA()<Xi,zi,a>d5)‘

Among the three expectations the first term is E[A;¢{O;; 3, A(V;),~(8), a}tg? (V;, W;,Z;)]. The

second expectation is

5 (9)
</0 {WfY% + A( )(71W - 72) (Wla Zl?ﬁ)}f{A u ) 27/6a a}

/D {71+A()(WZ,ZZ,B)}1SF)AE ds)

dN;(u)
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</ / [Z{%+A n(Wi, Zi, B)} f{A(u), Z;, B, o} ]
{Wird + Aw) (Wi — v2)n(Wi, Zy, B)} f{A(u), Zi, B, o}

<D (s){n + As)n(IVi Z, B>}1 A B D) Vi u)ds) S0
Zi{n + Aw)n(W;, Z;, B) Y f{A(u), Z;, B, o}
([ [ ]
{Wig + Aw) (Wi = %)n(Wi, Z;, B) } f{A(u), Z;, B, o}
<DI(s) (o + Als)n(W, 2. B)) f&ggﬁ; Zf”ﬁ) (), (u >ds). (.7)

Note that the expression given in (S.6) is zero as E{Y;(s)dN;(u)I(s > u)} = 0. Now, (S.7) becomes
Zi[y + i {A(s) + Au) (X, Zi, B) + A(s)AMu)n*(X;, Zi, B) E{exp(26,U)}]

(/ / WX+ A Xi(Xo, Za, B)A(u)
0 So | (X, Ze BINS) X + E{U exp(B0)}] + 72X, Zi, B)A(s)A(u)
% 1 X E{exp(26aU)} + 1 E{U exp(26:U) } — 1 E{exp(26,0)}

< F{A(W), Zs, B, o} DT (s) x LSAX, Z: B)dNi(u)ds)
X+7§’X77 ir Ziy B)A(u) + in(Xy, Zi, B)A(s) (1 X + 72)

L A)n(Xe 20, )
Zin? + A2 {A(S) + AW Yn(Xs, Zi B) + M)A (W)X, Zo, B
- E(/ [ A(u
+77 (Xi,Zi, B)A (S)A( V(M1k1 X + Y1K2 — Y2k1)
< F{A(1). Zs, B, ) DI (s) A0, “mdzvi(u)ds).

Z
1+ A(s)n(X;, Z;, B)

Now the last term of cov(Aq, Aj) is

( Zn(W;,Z;,3) ]
FE
(MWi = v2)n(Wi, Zi, B)

AR R A O e v ow v

< Zn(Wi, Z;, B) ]
= F
(MWi = )n(Wi, Z;, B)
Au)n(Xi, Zi, B)

X/OOO /OO f{A(s), Z;, B, a}X(s)g" (u, Wi’Zi)l%—A(u)n(Xi Z B)Y;(S)K(u)dsdu>
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Zn(Wi, Zi, B) ]

(MWi = v2)n(Wi, Zi, B)

+E<
X /Ooo /OO f{A(s), Zy, B, I\ (s)g" (u, Wi, Z;) - i(/’l\tzz;nX(}?i’Z?)ﬂ)Yi(S)Yi(U)deu>

( Zin(W:, Z;, ) ]
= F
(’YlWi - 72)77<Wi7 Z;, ﬁ)

x /OOO /:O F{A(9), Zi, B, o} A (s)g” (u, Wi, Zi) 5

< Zm(W;, Z;, B) ]
+E
ANw)n(Xs, Zi, B)

(Wi = v2)n(Wi, Zi, B)
<. 2B b w2 >dsdu>

[ Zn(W;,Z;,8) 0 foo
E( ] / / f{A(s),Zi,,B,a})\(s)gT(u,Wi,Zi)dNZ-(u)ds>
| (Wi = ye)n(Wi, Z;, B)
Zin(Xi,Zi, B) 77 + AMu)n(Xi, Zs, B) E{exp(26,U)}] :|

Mu)n(Xi, Zs, B)
T+ Aw)n(X;, Z:, B)

Yi(u )dsdu)

B / / Yin(Xi, Zs, B)Xi + Mu)n*(Xi, Zs, B) [ XiE{exp(26:U)}
+E{U exp(26:U) } — v E{exp(26:U) }]

% FIA(s). Zi. B, @} A(5)D] (1) i(xzng( XZ Zﬂ) S )dsdu) (S.8)

Expression (S.8) can be written as

(/ / [ 177 X Z B {/71 +A( ) (Xi7z’i7/3)/{/1} ]
XZ, Zuﬁ X + A( ) (Xz': Zi>5)(’Yle1 + Y1k — ’Y2l‘€1)
< FA(3). Z0. B, e} A(5) D (u) fAzng(X? Z?>ﬁ) (s >dsdu)

Combining the above derivation we can write

GO = E[A@{O;; 8, AV}),~(8), ale” (Vi, Wy, Z,)]
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Zm(Wi, Zi, 5) 0o poo
+E( / / f{A<s>,zz-,ﬁ,a}A<s>gT<u,Wi,z»dzvi(u)ds)
( 0 s

’ylW‘— ) (VVz,ZZn@
177 Xzazz,/ﬁ){’)/l +A( ) (X%Ziwﬂ)’il}
E( [ /
n(Xi, Zi, B)X; + AMuw)n*(Xi, Zy, B) (1 Xik1 + Yike — Yak1)

<F{A), 20, B @l DT () 2 By >dsdu)

Zi[7? + 7P {A(s) + Aw)In(Xi, Zi, B) + As)Au)n?(Xi, Zi, B)r]

_E</ / i Xi + 7 Xin(Xs, Zi, B)Mw) +71n(Xs, Zi, B)A(s) (1 Xi + 72)
+77 (X3, Zi, B)A(s)A(u) (M1 X + Y1k — 2k1)

x f{A(u), Zi, B, a} DY (s )51/1)2(()) (())szz g)) dNi(u)ds)

The first two expectations of G are estimated by the corresponding empirical averages while the

last two expectations involve with unobserved X and their estimation is described in the main

paper.
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