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Abstract

We propose a consistent method for estimating both the finite and infinite dimensional
parameters of the proportional odds model when a covariate is subject to measurement error
and time-to-events are subject to right censoring. The proposed method does not rely on the
distributional assumption of the true covariate which is not observed in the data. In addition,
the proposed estimator does not require the measurement error to be normally distributed or
to have any other specific distribution, and we do not attempt to assess the error distribution.
Instead, we construct martingale based estimators through inversion, using only the moment
properties of the error distribution, estimable from multiple erroneous measurements of the
true covariate. The theoretical properties of the estimators are established and the finite
sample performance is demonstrated via simulations. We illustrate the usefulness of the

method by analyzing a dataset from a clinical study on AIDS.
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1 Introduction

We consider the proportional odds model when the time to event is subject to right censoring
and a covariate is measured with errors. Proportional odds model is a widely used model
in survival analysis as an alternative to the popular Cox proportional hazard model. In
comparison with the Cox model which assumes that the ratio of the hazards corresponding to
different covariate values does not change with time, the proportional odds model allows the
hazard ratio to vary over time. Time varying hazards ratios can arise frequently in practice.
For example, the relative effect of the stages of a cancer at the time of diagnosis on survival
may change with time. In studying the proportional odds model with right censored data,
Murphy, Rossini and van der Vaart (1997) proposed a nonparametric maximum likelihood
estimator. Huang (1995) and Rossini and Tsiatis (1996) constructed consistent estimators
for current status data. Cheng, Wei and Ying (1995) used an estimating equation based
approach in the linear transformation model, which includes the proportional odds model as
a special case, for right censored data.

Despite of the large literature in proportional odds model when covariates are measured
precisely, relatively few works are available in this model when covariates are measured with
errors. Cheng and Wang (2001) considered the measurement error issue in the linear trans-
formation model, but their method requires a parametric model for the pairwise difference
between the true covariate values of any two subjects, a parametric model for the pairwise
difference between the measurement errors of any two subjects, and similar supports of the
censoring distribution and the time-to-event distribution. Thus, the method would fail to
produce consistent estimators if any of three model assumptions is violated. For current
status data, Wen and Chen (2012) proposed a conditional score method for handling errors
in covariate in proportional odds models under the assumption that the measurement errors
follow a normal distribution. This is in stark contrast with the situation in the Cox model,
where extensive studies of errors in covariate have been conducted, see for example Prentice
(1982), Nakamura (1992), Huang and Wang (2000), Zhou and Wang (2000), Hu and Lin
(2002) and Zucker (2005).



In this article, we propose a semiparametric method to treat errors in covariates in the
proportional odds model when the events are subject to right censoring. We first construct
a class of estimating equations through designing special martingale integrals under the er-
ror free case. The design of the estimating equation class further allows us to invert these
estimating equations when covariates are measured with errors. This type of treatment to
measurement error models is commonly known as the “corrected score” approach. Despite
of the name, the technique is applicable to general estimating functions that are not nec-
essarily score functions in the error-free cases (Nakamura 1990). For example, Huang and
Wang (2001) applied this approach to the logistic regression model. Buzas (1998) used this
approach to correct the partial likelihood score to estimate regression parameters in the Cox
proportional hazard model while assuming the measurement errors follow a normal distribu-
tion. Huang and Wang (2000) further relaxed the normality assumption on the measurement
errors. Using an empirical process approach, they obtained a consistent and asymptotically
normal estimator while the measurement errors are assumed to satisfy some minor regular-
ity conditions. Song and Huang (2005) further refined the parametric and nonparametric
corrected score method of Huang and Wang (2000) to achieve better finite sample proper-
ties. Although all these methods are based on the general idea of “corrected scores”, the
implementation of the idea in different models requires very different model specific treat-
ment and techniques that can be difficult and by no means straightforward. In addition, the
theoretical properties in different models can also be quite different and need to be studied
individually and can be challenging depending on the specificity of the models. This also
applies to the new method proposed in this article. In other words, the distinction between
our work and the work of Huang and Wang (2000, 2001) is rooted in the different models
that are considered in these works. Their subsequent estimation procedure, methodological
development, theoretical properties and numerical implementation are in turn all different
from ours.

One advantage of the proposed method is that we do not make any assumption on the

distribution of the errors other than symmetry, and we do not make any distributional as-



sumptions on the true covariate prone to errors, hence we work in the functional measurement
error framework (Carroll et al., 2006). This is in stark contrast with Zucker (2005), which
requires a correct model for the unobserved covariate given the observed covariates, hence is
essentially a structural model (Carroll et al., 2006).

In summary, the proposed estimator is applicable in relatively weak assumptions, requir-
ing only symmetric error distribution, making no distributional assumption on the covariate
measured with error, allowing censoring dependent of the covariates and very large censoring
proportion. In such generality, this is the only existing consistent estimator for proportional
odds models. The critical idea of the estimator relies on constructing a martingale based
estimating equation that is not naturally derived from the standard score function consid-
eration, but has the key advantage of being invertable when measurement error presents.
The asymptotic analysis of the estimating equation requires techniques involving martingale,
nonparametric and semiparametric analysis.

The rest of the paper is organized as follows. We describe the details of the methodology
in Section 2 and study the asymptotic properties of the estimator in Section 3. In Section 3,
we also provide a method of estimating the asymptotic variance of the proposed estimator.
We evaluate the finite sample performance of our estimator via simulation studies in Section
4. To illustrate the usefulness of the method, in Section 5, we analyze a data set from an
AlDs clinical trial. Concluding remarks are given in Section 6 while all technical details are

relegated to the Supplementary materials.

2 Methodology
2.1 Model

Suppose that the observed data are independent and identically distributed (iid) copies of
(V, AW oo ) W Z), where V' = min(7, C') is the minimum of the time-to-event 7" and
the censoring time C, and A = I(T < C'). Here Z is a p x 1 vector of covariates measured
precisely, while X is not observed. Instead of X, m repeated measurements of an unbiased

surrogate W* of X are available. We assume that 7" and C' are independent conditional on



(Z,X). Let T be related to the covariates via the proportional odds model

A(t) exp(B1Z + $oX)

pr(T < 12, X) = T R ) exp(BZ + Ao X)

where A(t) is a non-decreasing right-continuous function with A(0) = 0. Let A(t—) be the
left-hand limit of A at ¢. Define A(t) = 9A(t)/0t if A is differentiable, otherwise A(t) =
A(t) — A(t—). Our interest is in consistent estimation of 8 = (87, 3,)" and A. To this end,
we first propose a novel estimating equation when there is no measurement errors. We then

modify this estimating equations when X is measured with errors.

2.2 EFError free estimator

Define (X, Zi, B) = exp(B1 Z; + $2X:), Ni(u) = [(V; < u, A; = 1) and Yi(u) = 1(V; > w).
Without loss of generality, we assume 0 < V; <V, < .-+ <V, <7 < 00, where 7 = inf{t :
pr(V >t) = 0}. Then,

Au)n(X,Z, B)

1+ A(w)n(X, Z, 5)d“

M(t) = N(t) — /0 Y (u)

is a martingale with respect to filtration {F; : ¢t > 0}, where F; = o{Y (u), N(u), X, Z,u < t}.
Consider the situation that X is observed in the data. Then one may consistently estimate
B and A by solving Sz, = 0, Sz, = 0, and Sx(u) = 0 for all uw > 0, where for any function
f(A,Z, B, @) predictable with respect to {F; : t > 0} with a being possible additional

parameters, we define

- Z /OT Zi{1 4+ Mun(Xi, Z;, B)} f{A(w), Z, B, o} {dNi(u) _

=Z<ZiAi{1+A<Vi> 0(Xi Zi, B} {AV2), Zi, B. )

_Zln(XHZZ?B) [F{A< ) ZUB a} F(O Zl?ﬁa )]); (2)
Se, ZZ(XZAi{l + AVin(Xi, Zi, B)} F{A(VD), Zi, B, o}
—X; T/(XZ?ZMIB) [F{A( ) Z“/Bua} F(O ZZ?B: )])’ (3)

ZZ{HA(u)n(Xi,Zi,ﬁ)}{dzv,(u)_yi(u) Awn(X;, Zi, B)du }

L+ A(u)n(Xi, Zi, B)



n

Z {1+ A(u)n(X;, Zi, B)YdN;(v) — Yi(w)\w)n(X;, Zi, B)du] , for all u > 0. (4)

Here F(A,Z, 3, o) satisfies OF (A, Z, B, ) /ON = f(A,Z, 3, o). Assuming that the observed

failure times are 0 < t,,, < --- < t,,, then from (4) we obtain

:Z{1+A(tn1) XHZZ?/@ }le nl ZY n1 {A n1 _A(tnl_)}n(XlewB)a
=1

Z{1+A ni)(Xi, Zi, B)}dN;(tn,.) ZY ) A (tny) = Altn,—)3n(Xi, Zi, B).

Using A(t,,—) = 0 in Sx(t,,) = 0, we obtain

~ B 21 ANi(tn,)
A(tn,) = Z?:l (X, Zi, B){Yi(tn,) — dN;(tn,)}’

and A(t,,;)’s can be estimated recursively as

Zz L ANt ng) +A( ng 1))21  Yi(t nj)n(XiaZi7ﬁ)
Zi:l{ifx nj) dNZ( n])}U(XuZuﬁ)

We did not include f{A(u),Z, B, a} in Sy(u), which simplifies the computation in obtaining

Z\\(tnj): yforj=1,--- k.

/A\(t, B3). When the last observation happens to be an event, we replace /A\(tnk) with a large
value, larger than T\(tnk,l), to facilitate further analysis.

We point out that these estimating equations are the building blocks of our method, and
form one of the important contributions of our work. In addition, the estimating equations
involve both finite and infinite dimensional parameters, hence the derivation of the subse-
quent asymptotic theory is much more challenging. This is in contrast with Huang and
Wang (2000), who benefits from the existing partial likelihood score functions, which do not

involve infinite dimensional parameters, and hence are relatively easy to analyze.

Remark 1. We have left f{A(u),Z,3,a} to be an arbitrary function in the above de-
scription. The flexibility in choosing f{A(u),Z, 3, a} leads to a broad class of consistent
estimators. In the regularity condition C1, we specify the requirement on f so that the

estimating equations will lead to a unique estimator in large samples. Note that when there



is no measurement error, the score functions for the maximum likelihood estimator (Mur-
phy et al., 1997) are obtained if we replace f{A(u),Z,3,a} by 1/{1 + A(u)n(X,Z, B)}>
and multiply each summand of Sy by 1/{1 + A(u)n(X,Z,3)}. However, the presence of
X in the expression 1/{1 + A(u)n(X,Z,3)}* will cause difficulties as soon as X becomes
unobservable. To circumvent this issue we shall take f free-from X, so that the resulting
estimating equations are invertible and we can construct “corrected” estimating equations
in the presence of measurement errors. In the next subsection we discuss the choices of f

when X is unobserved, and discusss the concept of “corrected” estimating equations.

2.3 Estimator under measurement error

Now we consider the case when X is not observed in the data, and instead, we observe a

surrogate variable W* multiple times, such that

Wi =X+ U},

g J=L1...omaa=1...n

Here the U};’s are iid copies of the random variable U* that is symmetrically distributed.
Furthermore, U* is assumed to be independent of V. A, X, Z, a commonly used assumption
(Huang and Wang, 2000). Define W; = m~' 3" W Following Li and Vuong (1998),
the pdf of U; and X; are both identifiable. Thus, the likelihood of a single observation
(Wi, Z;, Y:, A;) has the form

A 1-4;
{/fYZ,X(thi;xi)fU(wil — xi)fx(ivi)diﬂz} {/Syz,x(yi,zi,xi)fU(wn — l‘i)fx(%)d%i}
This can be viewed as a convolution of fyz x (i, 2, ) fx(-) with fy(-) when A; =1, or a
convolution of Syz x (¥, Z, ) fx(-) with fy(-) when A; = 0. Thus, via deconvolution we
can show that the Fourier transform of fyz x (v, 2:, ) fx(-) or Sy|z,x (¥i> i, ) fx (+) is unique,
hence fy|z x (¥i, i, x;) is unique if A; = 1, and Sy z x (vi, 2i, z;) is unique if A; = 0. Thus,

we obtain the identifiability of 3 and A. Now we propose to estimate 3 and A by solving

n

Shy :Z (NZAL+ AV (W3, Zi, B) Y F{A(VE), Zs, B, o}
=1

—Zigl(VVi, Zsz) [F{A(V;)> Zina a} - F(07 Zi>/6’ OC)]) = 07

6



n

Sn;e :Z (Az{m + A(%)92<Wzy Zzaﬁ)}f{A(‘/z)a Zi7ﬁ7 a}

i=1

_QQ(VVia Zm/B) [F{A(V;)a Zi»/B7 a} - F(Oa Ziaﬁ? a)]) = 07 (5)

n

Sve = "[{1+ Mu)gi(W;, Zi, B)}AN;(u) — Yi(u)A(w) g1 (W;, Zq, B)du] = 0,

=1

where
Wiuzia VVi)Zi:
gl(Wi,Zz‘,ﬁ) = %7 gg(I/Vi,Zi,B) = 77( 72 16) (71W - 72)7
1

71 = E{exp(BUi)}, 72 = E{Uiexp(BoUi)}, and U; = 3770, Ui /m. It is easy to ver-
ify that E(¢1 | X,Z) = n(X,Z,8) and E(¢g2 | X,Z) = Xn(X,Z,3). Consequently
E(SE|V,A, X, Z) = Sp,, E(SE°|V, A, X, Z) = Sp,, and E(SF°|V,A, X,Z) = Sy. The last
three equalities lead to the notion of “corrected score”, in the sense that the effect of the
measurement error is corrected because the original “scores” are recovered via the interme-
diate conditional expectation step. As a result, as long as the original “scores” have mean
zero, the “corrected” ones will also yield a consistent estimator.

Here we take f{A(u),Z,3,a} = 1/{1 + A(u)n(X*,Z, 3)}?, where E*(X | Z) indicates
the expectation of X conditional on Z calculated using a proposed model for X given Z. This
is a logical choice for f{A(u),Z, 3, a} and it bears similar spirit as the regression calibration
idea (Carroll et al., 2006, Chapter 4). If we knew the distribution of X given Z, a natural
replacement of X would be E(X | Z). Since we do not make any distributional assumption
regarding X, we adopt a proposed model, which may be mis-specified, and replace the
unobservable X with the corresponding conditional mean of X under the proposed model.
However, unlike in the classical regression calibration treatment, our estimator will remain
consistent whether the proposed model is correct or incorrect. This choice of f{A(u),Z, 3, a}
is our recommended choice in practice. It is important to note that the method is consistent
for any X* that is a function of Z.

To obtain X*, one can further bypass the specification of a model for the distribution of
X given Z, and directly assume a model E*(X | Z) = u(Z, o), where a is the additional

parameter of the model if necessary. In this case, a natural estimator of a can be obtained



through solving

S Zee) iz ey =0 Q

: Ja
=1
Again, we point out that in fact, any arbitrary choice of a will lead to a consistent estimator

for @ and A, hence the procedure is very robust.

2.4 Estimation of 7, and

To make use of the estimating equations in (5), we need to estimate 7; and 2. Observe
that v = E{exp(fU;)} = {M(B2/m)}™, where M(-) denotes the moment generating

z]? (/62/771) =
(2> Tt jon B [exp{(W} — W) B2/m}] Jm(m — 1))'/2. Therefore, we estimate v; by

m/2
Z Z exp{(W, ﬁ;)ﬁz/m}] . (7)

] k=1,j<k =1
Further, since v2 = E{U; exp(52U;)} = OE{exp(f2U;)}/0F2, we can write v as

function of Uj;. Due to the symmetry assumption of the distribution of U

M=

m

2. 2exp{(Wy; — Wi)B2/m} > 20W5 = W) exp{(W; — Wi)B2/m}
EE(m/zq) {J}k=17j<k } B |:j,k:1,j<k
2

m(m — 1) m(m — 1)

and we estimate v, by

(m=2)/m
%:(ﬁ) S Z SOV — W) expl (W — Wa)d/m). (9

]k 1,5<k i=1

A detailed derivation of 7, is given in the Supplementary materials S1. Now we are in the

position to describe the steps of estimating the model parameters 3 and A in detail.

2.5 The complete estimation procedure

Taking into account the above derivations, we propose the complete estimation procedure
as the following:

Step 0. Form W; =m™"' 37" W for i = 1,...,n. Obtain @ through solving (6).

Step 1. Form 7;(8) and 7,(3), both are functions of 3, following (7) and (8).

Step 2. For fixed 8 and 7;(3), form

2 iz N (B)dN;(tn,)
2 i1 1(Wi, Zi, B) {Yi(tn,) — dNi(tn,) }

8

K{757117/87:}71(16)} =



and

Z?:l{;}\/l (B)sz(th) + }/vi(tng')‘x{tnjfw/@a :Y\l (ﬁ>}77(VV17 Zi> /6)}
Z?:l U(Wia Z;, IB){Yxtnj) - dNi(tnj)}

as functions of B for j = 2,... k. These are the results from solving Sy*{u; 3,7 (8)} =0

K{tnj7/67:>\/l(/8)} =

sequentially at u =1¢,,,...,%,,.

Step 3. We obtain ,@ through solving

> " ¢[0:: 8, MV 8,71(8)},7(B). 8] =0,
=1

where O; = (Wi, Z;, Vi, A;), ¢ = (¢, ¢2)T, and

~Zin(Wi, Zyi, B)[F{A(V3), Zi, B, e} — F(0,Z;, B, )]

— (Wi = y2)n(Wi, Zi, B) [F{A(V;), Zs, B, a} — F(0,Z;, B, )] .

Step 4. Go to Steps 1 and 2 to obtain v; (B) and K{u,aﬁl(ﬁ)} respectively.

In Step 3, 71(8), 72(B) and /AX{tnj,,Bﬁl (B)} are functions of B3, hence the resulting esti-
mating equations Y ., ¢[O;; 3, /A\{Vi; B,71(8)},~4(8), @] = 0 contain 3 as the only unknown
quantity and are solved to obtain B, and the estimator is referred to as error corrected esti-
mator. This estimation procedure is a typical profiling procedure, hence we do not need to
iterate the above steps. One can of course choose to use a backfitting procedure instead of
profiling, where iteratively solving for 3 at fixed ]\\, M, 72, and solving for 1,7, and A at
fixed B will be required.

To solve the estimating equations in Step 3, we used a standard Newton-Raphson proce-
dure which requires an initial value for 8. In both the simulation and the data example, we
used the classical regression calibration estimates as the initial value. We also experimented

with using the naive estimator as the initial value and the results are identical.



3 Asymptotic properties
3.1 Asymptotic properties

To present the asymptotic properties of the proposed error corrected method, we first need
to introduce some necessary notations. For any vector or matrix a, we denote aa’ by
a®? and we use fg(A,Z,B,a) and Fg(A,Z,3,a) to represent the partial derivative of f
and F with respect to 8. Define v = [y1(), 2(8)]" = (11,7)7, s1 = Efexp(26:0)},
= E{Uexp(26:U)} and let £, = (f51, f1.2)T with
oWy g) <M 2O 5 o (I W0 e ()]

]7k217]<k

FatW;. ) = {2 oo (2) [m(m2_ B o (AL

Jk=1,j<k

e () |2 e e (5) s

" W™ — W* 2
< 3 (WZ—W;)exp{( i m)ﬁz}_%ama(gj/m)}

Further define Ci(s) = E{Y (s)n(W,Z,3)}, Cs(s) = E[Y (s)n(W,Z,B8)\(s)n(X,Z,3)/{1 +
A()n(X, Z,B)}] = E{n(W,Z, B)AN(s)/ds}, Cs(s) = E{dN(s)/ds}, Cu(s) = E{(Z", W)
Y (s)1(W, Z, B)}, Cs(s) = E(Z", W)Y (s)n(W, Z, B)A(s)n(X., Z, B)/{1+A(s)n <X Z,0)}] =
B{(Z", W)Y (s)n(W, Z, ) dN( )/ds}, D1< = exp[— [ {Ca(w)/Cr(u)}du], Da(s) = [[Dr(u
Cs(u) /{D1(5)C1(u) Y, D(s) = f5 {D1(u) [A(u B, 72){C1 () Cs (1) — C(u) C(u >}—7103< )
Cy(uw)|H{D1(s)C%(u)} du, qb7 = E[@qﬁ{O,ﬁ, (V),v,a}/0~yT], and the elements of o,
are ¢,y = EZAM{AV).Z.8,0}], dy1 = 0. .5 = E(AW{A(V),Z.B,0} {2 +
AV )n(W, 2, B)}=Wi(W, Z, )< [F{A(V), Z. B, o} = F (0,2, B,0)]), ¢, 2 = E(~1(W. Z, §)
AF{AV), Z,8,a}A(V) = F{A(V), Z,8, 0} + F(0,Z, 3, a)]). Also,
:87_(@ [0 E{ep(U)U} ] _ [0 o
Yo = 98T {0 E{exp(@U)UQ}} {0 E{exp(U)U?} |

&, — [&75{0 6,85( )7, a}}

=E({AA< VAW, Z.B. e} — FIA(V), 2. B. o} + F(0, Z. B, a)ln(W, Z. 8)

10



() ()

LB { ZA{y + AV)n(W,Z,8)} [5{A(V), Z, B, o} }
AW+ AV )0 W = 22)n(W, Z, B)} 5 {A(V), Z, B, a}
. [ Z(W, Z. B) [ F3{A(V). 2.8, a} — F§ (02,8, 0] }
(71W - 72)”(W7 Z? /6) [FBT{A(V)v Zv IB’ Clt} o Fg(ov Za 67 a)] ’
6,(0) OBV 50
_ ( Zn(W.Z,8)[(A = 1) {A(V),Z, 8, a} + f{A(V),Z, B, a} AA(V)] )
(VIW - 72)77(VV7 Z?IB)[(A - 1)f{ ( )7 Zaﬁa a} + f/{ ( )7 ZHB7 a}AA<V)]

+{ ZAY f{MV),Z, 8, a} }
FAAV), Z, 8,0} AWA; |7

D)~ £{ TEIPAOIAOIN y5.1:2) = Do) ((8) + AW 2.9}
Ui(s, 6, W, Z;) = I1(0 < s < t){D1(s)/C1(3)D1(t) H{m (B)+A(s)n(W;, Zs, B) } —{ D2 (t)(0F, 7o)+
DI (1)} 5 g(s, Wi, Zs), ¥a(t, X, U, Wi, Z, Vi) = Da(t) f11 (W7, 8)—{D2(t)(0,72) + D3 (¢) } &3

[¢{Oza /Ba A(‘/;)a v, a} + d)’yf’y(W;‘kv /6) + E{(pA(O)D?(V)}f%l(Wz*a /3)], Where
Su=¢5+ 0,75+ E [d4(0:)D3(V;) + {00s1)xp; 12004 (0:) Da(V7) }] -

Finally, define

S —E| ${0y: B, A(Vi), v, o} + / (s, W, Z)dM (s)

®2
+ E{pA(0)D2(V)} [11(W7, B) + ¢,£, (W7, B)

The following theorems establish the consistency and the asymptotic normality of the esti-

mator in terms of its first order asymptotic properties. The regularity conditions and the

proofs are given in the Supplementary materials S2, S3, S4, and S5.

Theorem 1. Assume the reqularity conditions hold. When n — oo, |B — B| — 0 in proba-

bility and sup,,e(o - 1A {u, B, 3(8)} = Aw)| — 0 in probability.

Theorem 2. Assume the regularity conditions hold. When n — oo,

i) vn(B — 8) — Normal(0, YA Yy in distribution;

11



it) /n[AMt, 8,71 (8)} — A(t)] follows a zero-mean Gaussian process with the covariance kernel

Q(t, ) = {/ ¢1stWZ)dM()+¢2(tXUW*ZY)}®2.

Since the estimating equations in Section 2.3 reduce to (2), (3) and (4) when W; = X,
v1 = 1 and 2 = 0, the corresponding variance formula for the error-free case can be directly

derived from the results in these theorems.

3.2 Estimation of the asymptotic variance

We now further study how to estimate the asymptotic variance of B We first write out the
relation between X and Z as X = v91(Z,¢,) + 19§/2(Z, ¢5)er, where ¢; and ¢, are unknown
parameters, and F(e,) = 0. Here, for simplicity, we used parametric forms for the mean
and variance function, while nonparametric model can also be used for increased flexibility.
Define two weighted averages (Hall and Ma, 2007) of (Wj,...,Wy,), Wi, = 3700 a; W
and Wy, = Z bW}

Zj7

where a; = b; = 1/(2[m/2]) for j = 1,...,[m/2|, and a; = —b; =
1/(2m —2[m/2]) for j = [m/2] +1,...,m. Here [m/2] denotes the largest integer < m/2.
Note that 377" a; = 1 and 337" b; = 0 and 37" af = 37 b7, To estimate ¢, we

shall solve > ", a{ﬁl(zi,cl)/acl}{wm — 01(Z;,¢;)} = 0. To estimate ¢, we shall solve
S 03, C) [0} {Wia — 1(Zi, C1) Y2 — 82 — 02(Z, C,)] = 0, where 52 = S0 W2/,
Observe that due to symmetry, the distribution of U;, = Y™ =1 a;U; 1s the same as that of
Wi = Uy = Z b; U”, and it is a symmetric distribution. Thus, the density of U, can
be estimated via fUa(u) = (1/nh) > ¢ K{(u — Uy)/h}, where we let K(-) be a symmetric
kernel function and h > 0 be a bandwidth, and we select the optimal bandwidth via the
plug-in bandwidth selection method given in Sheather and Jones (1991). Next we estimate

w by maximizing the estimated likelihood of W, given Z;, i.e.,

n L(n)
w K - ta v Z27 1/2 Zi7/\ € — Uil )
H; L hzlzl {(w 1( Cl) (Zi, C)en b))

where we approximate the expectation with respect to e, through adding the probabil-

ity masses w = (wi," - ,wrm)’ at points e; < -+ < ef(,). Define X = ﬁl(Zi,Zl) +
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05%(Zi, Co)er, and let & = (@1, -+, D)’

m/2
a:[ Z Zexp{ —Wi)2h/m}b|

jk 1,5<k 1=1

@—(i)(Q)( 3 [nm 2 00— W0~ W25 m)

=1 j<k

be the estimators of w, k1 and ko, respectively. In Section S5 of the Supplementary materials,
we express Y as Yy = GH 4+ GO + GO - GW + GO 4 (GW 4+ GONT. This expression
allows us to construct a consistent estimator of the asymptotic variance of B, which we

provide in Corollary 1.

Corollary 1. A consistent estimator of the asymptotic variance of B 18 nilfll_{liMf]I_{T

where i\JH = 55 + q%ﬁg +n! 2?21[(/55/\(01')]33(‘/1') + {0(p+1)xp,:Y\2$A(Oi)ﬁ2(‘/i)}]: and

S =G0+ G £ GO £ GW L GO 4 (GW 4 GO

with GO = 071 Y1, %04 B,A(V0), 7.6}, G = n ' YL, Mg (Vi Wi, Z0), GO =

S [ 8 (WEB) + E{04(0)D:V)} £ (W2 B)| L GO =0t S 6{0: B. AW,

o~

5,6}6,£,(W7,B) + E{ ¢, (0)Do(V) } f,1(W7, B, and

G® = ZA ¢{0;: B.A(V7), 7. alg" (Vi, Wi, Zy)

=1 (’YlWi — )Wy, Zy, B) | Visde=1
n)

1 Vin( Xy, Zi, B)X + K(Vk)UQ(Xu, Z;, B)(%Xuﬁl + Y1ke — F2R1)

Z(Vk)/)‘\(v zl,ZwIB A 3 /)\\ Y V. >A
- 1+ A(Vin(Xx zz,z,,ﬁ ngkf{ 2 AR Jo

Z,[77 + A (Vi) +A<v>} (X, Zi, B)

A~

n L(n) ( FAWVAV) (X, Zs, B) 1)

~

T3 X + 73 Xan( X, Z, BYMVE) + 320X, Zi, BYA (Vi) (51 Xt + )
+n?( mzzﬁ) (Vi ) (Vi) (1 R1 X + Y1ka — Y2k1)
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DT (Vi) AVi)n(Xu, Zs, B)
1+ A(Vi)n(Xa, Zs, B)

F{A(). 2., B, a}mw)al.

Note that other than the last two terms of G®), all other terms of ,, are estimated
via empirical averages of obvervable random variables. While the root-n consistency and
asymptotic normality are established in Theorems 1 and 2, the results in Corollary 1 further
allow us to utilize these results to perform inference. All these results are established in the
context of the proportional odds model subject to a symmetric, but otherwise unspecified
covariate measurement errors, and without making any parametric assumption on the distri-
bution of the unobserved covariate either. Thus, the estimation and inference are conducted

in the functional measurement error framework (Carroll et al., 2006).

4 Simulation studies

We now investigate the finite sample performance of the proposed error corrected method
through simulation studies. We simulated 1,000 data sets through generating Z from
Normal(0,1), and generating X from a two-component mixture of normal distributions,
(1/3)Normal(—0.6,0.5%) + (2/3)Normal(1.25,0.5%). The purpose of taking such a non-
standard distribution for X is to show that the method can handle any distribution for
X. The time-to-event T' was generated from the proportional odds model (1) with A(t) = 2,
and 3, = 3y = 1. To generate censoring time C independent of X and Z, we used Exp(e!7)
and Exp(e®?), the exponential distributions with mean e'” and %2, respectively. This re-

sults in an average of 20% and 50% censoring respectively. For censoring process dependent

(62.257X7Z) (60'757X7Z)

on X and Z, we generated the censoring time C' from Exp and Exp

resulting in 20% and 50% censoring, respectively. The two unbiased surrogate variables W}
and W5 were simulated by adding random noise U* to X. In order to show that the pro-
posed error corrected approach can handle any symmetric error distribution, we considered
two different distributions for U*, Normal(0, 1) and Uniform(—1.75,1.75), and in both cases

the error variances were equal to the variance of X.

We analyzed the simulated data sets using four methods, the naive method (NV), the
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regression calibration (RC), the method by Cheng and Wang (2001) (referred to as CW),
and the error corrected (COR) method proposed in Section 2.3. For the naive method, we
used the maximum likelihood method of Murphy et al. (1997) to estimate 3 and A, with
X; replaced by W; = (W} +W}3) /2. For the regression calibration method, we implemented
the same maximum likelihood method, but with X; replaced by X;, where X; = (1/52 +
1/52){W, /5% + (Co + (£ Z:)/32} with 62, 52, (y and (; being the estimators of o2, 02 =
var(U), (o and (;, respectively. Furthermore, (5 and (; are the coefficients of the linear

regression of X on Z, whereas o2

represents the conditional variance of X given Z. To
implement the method by Cheng and Wang (2001), we estimated the parameters under the
assumption that C is independent of any of T, X, Z or U*, and we used normal models for
both X;—X, and U;}—U;‘ij. Lastly, in our error corrected method, we used f{A(t), Z, B, a} =
{1+ A(t)exp(ZB3; + X*B2)} 72, where X* = E(X | Z) was obtained from the linear model
W =X+U=oay+ Zag + e+ U, and the standard errors of the estimator were estimated
using the analytical formula given in Corollary 1 in Section 3. We used the Newton-Raphson
procedure to solve the estimating equations, with the convergence criterion set to be either
the absolute value of the estimating equations are smaller than 10~® for each component, or
the relative difference of the two latest iterations is smaller than 1078 for each component in
the 3. Both convergence criteria are standard in the usual statistical softwares. In estimating
standard errors, integrals such as f(f f*d//i are replaced by >, A, f*(tk)X(tk), for any
generic function f*.

Tables 1 and 2 contain the simulation results for the normal and uniform errors respec-
tively. For both tables we took two different sample sizes n = 500 and 1,000. We presented
the bias, empirical standard error, median absolute deviation. In addition, for our error
corrected method, we also provided the estimated standard error and the Wald type 95%
coverage probability.

The general trend is the same in both tables. Overall the naive estimator is very bi-
ased. The regression calibration estimator has smaller bias, but its bias is still substantial

compared with our error corrected estimator. In fact, the finite sample bias, especially in
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estimating 5, is greatly reduced in the proposed error corrected method. The variance of
the estimators decreases with the sample size n. Importantly, the estimated standard error
based on our asymptotic results and the empirical standard error are quite close, and the
coverage probabilities are reasonably close to the nominal level.

When the censoring time C' is independent of both covariates and is generated from
an Exponential distribution, the method of Cheng and Wang (2001) works surprisingly
well (Tables 1 and 2) despite the fact that several model assumptions are violated in these
simulations. However, as soon as the censoring mechanism depends on X and Z or the
censoring rate is high, their method shows large bias. To further investigate this matter, in
the uniform measurement error scenario with n = 1,000, we generated C' in three different
cases. In case 1, C followed Exp(0.22). In case 2, C followed Uniform(0,0.5). In case 3, C

(e708=%X=2) " All three cases have about 85% censoring, roughly the same as in

followed Exp
the data example. In case 1, C is independent of the covariates and the supports of the time-
to-event 1" and censoring time C' are similar. In case 2, C'is also independent of the covariates,
but the support of C' is shorter than that of 7. This is a common scenario in many clinical
studies and is also the case for our real data example. In case 3, the censoring mechanism
depends on the covariates and the supports of T" and C' are similar. This simulation results
in Table 3 indicate dramatically large estimation bias and MSE of the Cheng and Wang
(2001) method in comparison with our method for cases 2 and 3. In case 1, although the
bias of CW is comparable with ours, their MSE is larger than ours. In conclusion, for heavy
censoring, regardless of whether censoring is dependent on the covariates or not, the bias
of the CW method is substantial. This study verifies the inconsistency of the estimating
equations of Cheng and Wang (2001), similar to the inconsistency of Cheng et al. (1995)
pointed out by Fine et al. (1998).

Finally, the computation of the proposed error corrected estimator is also much simpler

and faster than that of the Cheng and Wang (2001) method. This is mainly because their

method requires numerical integration and is hence very time consuming.
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5 Real data analysis

For the purpose of illustration we now apply the proposed method to analyze a dataset
from the ACTG 175 study, a clinical trial of HIV therapy (Hammer et al., 1996). This was
a randomized double-blinded study to investigate the effect of a single nucleoside or two
nucleosides among HIV-1 infected adults. We considered only n = 1,036 subjects who did
not have antiretroviral treatment before this trial, and among them 262 received 600 mg
of zidovudine (treatment 1), 257 received 600 mg of zidovudine plus 400 mg of didanosine
(treatment 2), 260 received 600 mg of zidovudine plus 2.25 mg of zalcitabine (treatment
3), and 257 received 400 mg of didanosine (treatment 4). The primary clinical endpoints
were progression to AIDS and/or death, thus we consider T as the time to AIDs or death
from the date the treatment started. In our data, only 85 subjects experienced the events
during an average follow-up time of 32 months. For all subjects, two (m = 2) baseline CD4
measurements that were taken prior to the treatment started, were available. CD4 cells help
to fight infection. Therefore, low CD4 counts indicates weak immune system and it is used
as a marker of the stage of HIV disease.

We fit model (1) to this data set, where the logarithm of the actual CD4 count at the
baseline minus 5.89 is considered as X. The two baseline measurements are considered as
two erroneous measurements for X. The three dummy variables corresponding to the four
treatments are considered to be error free covariates Z where treatment 1 is considered as
the reference category. We analyze the data set using four methods, NV, RC, CW, and
COR described in the simulation section. For the CW method, T" and C' are assumed to be
independent.

Table 4 contains the estimates and their corresponding standard errors. All methods
indicate a statistically significant (at the 5% level) association between X and 7". We also find
that compared to the monotherapy with zidovudine, other three therapies have statistically
significant association (at the 5% level) with 7', in particular, the results indicate that the
therapies tend to delay the time-to-event. Interestingly, after adjusting for the measurement

errors, the CW estimate of the coefficient for CD4 counts, s, is substantially different from
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that of NV, RC, and COR methods, although the effect of the log(CD4) still turned out
to be statistically significant. Our experience with the simulation studies indicates that the
distinct result of the CW estimator is likely due to the high censoring percentage in the data
(around 90%), shorter support of C' compared to that of T as the subjects were followed for
a maximum of three and half years, and the possible dependence between the covariates and
the censoring mechanism, which violate the model assumption required by the CW estimator.
The dependence between the covariates and the censoring mechanism is indicated when we
fit the Cox model to the censoring distribution using (V;, (1 — 4A;), Z;, W;r),z‘ =1,---,n,
where W = I(W; < —0.4), with —0.4 being the 15th quantile of W;. The results show
statistically significant association (at the 1% level) between C' and covariates (Z and WT).
So, we also suspect that C' and X are dependent as well.

Inspired by a referee’s suggestion, we further estimated the parameters using the proposed
method with f = 1/{1+A(u)n(X*,Z,8)}" for r =0,1,2,3,4,5,10,15. Based on the results
in Table 5, although the estimates differ with r, the magnitude of the change is quite small.
Our experience in more extensive numerical experiments not reported here also indicates
that the variability in estimating 3 is somewhat insensitive to the choice of f.

Following a referee’s request, we also conducted a model checking for this data example.
Because there is no existing method to check proportional odds assumption when a covariate
is measured with errors, we developed the following graphical tools, inspired by the graphical
tools developed for the Cox proportional hazard model without measurement errors (Klein
and Moeschberger 2003, Chapter 11.4, page 363). Note that the proportional odds model has
the property pr(T < t|X,Z)/pr(T > t|X,Z) = log{A(t)} + B1 Z+ 3, X. In the data example,
Z is a nominal categorical variable. Define X' to be zero when X is less than or equal to
r = —0.1 and one otherwise, where r = —0.1 is the median of W;. Define pr,(T < t|XT) =
pr(T < t|XT7,Z = z). Then in each category of Z, we plot log{pr, (T < t|XT)/pr,(T > t|XT)}
as a function of time ¢. If the proportional odds assumption holds, then the two curves
corresponding to X = 0 and X' = 1 will have the same shape and they will differ only by
a constant shift. Here log{pi,(T < t|XT)} is an estimator of log{pr,(T < ¢|X7)}. When X
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is measured with error, deterministic classification of the subjects into two groups X' = 0
and XT = 1 is not possible. Therefore, first we estimate pr(X] = 0|Wi,) = pr(X; <
7, Wia)/ f(Wia) through

P < W) S w e KA {(Wae — X — U} I(Xa < 1)
T e K {( o = X = U}

where Xy = 91(Z;,C,) + 19§/2(Zi,22)el. To estimate the survival function pr, (T > v|XT =

)

k) with uncertain membership, we use the procedure developed in Ma et al. (2011) for
estimating a distribution function. Note that for any v, E{I(V; > v)} = g;pr,(T; > v|X] =
0)pr,(C; > v|X] = 0)+(1—g)pr,(T; > v|X] = 1)pr,(C; > v|X] =1) fori=1,--- ,n. Thus,
using I(V; > v) as the observed response and q; = (¢;, 1 — ¢;)7 as the observed predictor for

the 7th subject, the least square solutions of the unknowns are

pr, (T > v|XT = 0)pr, (C > v|XT = 0) _
b ot~ Dt Z1) = Oiaeead) Sl 10> 0. 00

To further handle the censoring issue and to extract the survival function pr, (7" > v| X' = k)
alone, we consider the following. Let Aro(t) and Ari(t) be the hazard of T' when Z = z and
X' =0 and X' = 1, respectively, and the corresponding hazard of the censoring variable
are A\co(t) and Ao (t), respectively. Then pr, (T > v|XT = k) = exp{—fov Ark(u)du} and
pr,(C > v| Xt = k) = exp{— [ Ack(u)du} for k =0 and 1. Since N(t fo (s){gAro(s) +
(1—g)Ari(s)}dsand I(V < t,A =0) fo (s){gAco(s)+ (1—q))\01(s)}ds are two martingale

processes, for any v, we consider two sets of estimating equations

n

ZdNi(U) = Aro(v Z% (V) + Ari(v )Z(l—%)Yi(U)v (10)

ZI(V;ZU,Aizo) — Aol Zq,l +Ac1(v) > (1= ¢)Yi(v). (11)

i=1

Therefore, for each v we estimate the hazards from equations (9), (10), and (11). Once the
hazards are estimated, we obtain pr (T > v|XT = k) = eXp{_Zi:uigv,Ai:IXTk(ui)} and
produce the plots in Figure 1. None of the four plots indicates any striking violation of the
proportional odds assumption, such as crossing of the curves. Thus, proportional odds model
is a suitable model for this data set. Although the method was developed for a discretized

X, the method is useful for detecting any major model violation.
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6 Discussion

We have proposed an error corrected martingale based estimating equation to analyze the
time-to-event data in the proportional odds model when both covariate measurement error
and right censoring to event time occur. In contrast to the existing literature, we do not
assume or estimate the distribution for the measurement errors or for the true unobservable
covariates. We have merely required multiple measurements, which is needed even for iden-
tifiability in such models. Our results on the theoretical properties of the estimators show
that the estimators have the desired asymptotic properties which facilitate further inference.
Finally, although the estimator is designed for errors in covariates, it captures the usual
error-free covariates case as well by simply allowing the error distribution to be a point mass
at zero. This provides a new estimator in its own for the usual proportional odds models
without measurement errors. As pointed out by a referee, small sample and large error vari-
ance can break any consistent estimator designed for measurement error problems. Thus,
improving the finite sample performance under small sample size and large error, such as
the one investigated in Song and Huang (2005), is definitely an important research question
worth investigating.

Compared to the Cox model, other time-to-event models have received relatively less
attention when an important covariate is measured with errors. The present article with
nonparametric correction is the first attempt to break such barrier. However, the problem is
far from being completely resolved. For example, estimation efficiency is not achieved in the
estimator. In fact, our preliminary analysis indicates that even in the Cox model, efficient
estimator can be hard to achieve. The main difficulties in achieving efficiency include the
need to estimate the measurement error distribution, the need to estimate the distribution of
the covariate subject to error, and the need to estimate the censoring process when covariates
are not all observable. We envision that the proposed error corrected method and some of its
apparent limitations will help generate new ideas. In particular, the proposed error corrected
method will be useful for developing methods for handling measurement errors in multiple

time-dependent covariates (Song et al., 2002) in the proportional odds model. Also, we
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believe that existing variable selection technique in the presence of measurement error (Ma
and Li, 2010) can be integrated with our proposed error corrected method in the time-to-
event model, in particular in the proportional odds model. Our method will also help to
develop methodology for handling covariate measurement errors in multivariate failure time
model (Greene and Cai, 2004).

It is well known that estimating equation based methods face the potential difficulty
of having multiple roots in finite samples. Although there are some available methods for
multiple roots of estimating equations in parametric models (Small and Wang, 2003; p.
163), as far as we are aware, in the current literature of semiparametric models like ours,
multiple roots issue is handled through empirical analysis. For example, in the measure-
ment error problems, one could compare the naive estimator and the regression calibration
estimator with the multiple roots obtained from the estimating equations, and choose the
root that is most sensible based on the knowledge that regression calibration estimator is an
approximately consistent estimator that corrects the bias inherent in the naive estimator.
Alternatively, in the presence of multiple roots, one may compute an estimated version of

the likelihood

n

A
L = H{/fYZ,X(W)QZi)fW,Xz(W/m,X|Zi)dX}

=1

X{/Pr(Ti > Vil X, Zi)fW,XZ<Wia>X‘Zi)dX} ;

via

E o ﬁL(n) & <|:Z§:1{K(tn;) - K(tn]—l)}[(tnj S ‘/; < tnj+1>77(Xil7 Zl?I/B\)‘| B
1 {1 + Zf:l A<tn])[(tnj S ‘/; < tnj+1>77(Xil7 Zi7 /3)}2

1
| | )
1 + Zl?zl K(tnj)j(tnj S V; < tnj+1)77(k‘il7 Zh //6\)

Wy .
VKRN W — X — W,
X (nh) { ( i il kb)},

and choose the root that maximizes L. The notations W, Xy, Wia, Wy, K, and h are defined

in Section 3.2.
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Table 3: Results of the simulation study with 2,000 replications. NV, RC, CW, and COR
stand for the naive, regression calibration, Cheng and Wang (2001) and the error corrected
estimators. SD and MSE denote the standard deviation and the mean squared error, respec-
tively. The errors U* ~ Uniform(—1.75,1.75). All entries are multiplied by 10.

Method Case 1 Case 2 Case 3
Bias SD MSE Bias SD MSE Bias SD MSE
NV 61| —044 1.18 0.15| —0.41 1.04 0.13 | —2.08 1.30 0.60
Bo | —4.09 091 1.76 | —4.12 0.79 1.76 | —4.44 0.93 2.06
RC 61| —0.44 1.18 0.16 | —0.42 1.05 0.13 | —2.08 1.30 1.26
Bo | —2.02 1.23 0.59 | —2.13 1.08 0.58 | —2.56 1.25 0.82
CW 61| —0.56 332 1.13| —3.51 1.22 1.38 | —5.54 1.17 3.22
Bo | —0.33 4.89 239 | —3.82 1.45 1.67 | —5.28 1.57 3.04
COR 01 0.10 1.49 0.23 0.09 1.29 0.17 0.44 1.96 0.40
o 0.42 2.80 0.80 0.45 2.40 0.59 0.50 2.37 0.59

Table 4: Analysis of the ACTG 175 aids clinical trial data. Est. and SE stand for estimate
and standard error, respectively. Z, Z+D, Z+7, and D stand for zidovudine, zidovudine
plus didanosine, zidovudine plus zalcitabine, and didanosine, respectively. Here Est. and
SE stand for the estimates and standard errors, respectively. For the NV, RC, and CW
methods, the standard errors were calculated based on 5,000 bootstrap samples. For the
COR method, the standard errors are based on asymptotic results.

Covariates NV RC CW COR

Est. SE Est. SE Est. SE Est. SE
Z+D (Ref: Z) | —=0.780 0.325 —0.759 0.325 —0.164 0.125 —0.801 0.344
Z+7 (Ref: Z) | —1.004 0.340 —0.999 0.344 —0.267 0.103 —0.999 0.361
D (Ref: 7) —0.748 0.313 —-0.753 0.314 —-0.217 0.112 —-0.814 0.338
log(CD4) —2.186 0.404 —2.576 0477 —-0.854 0.194 —2.700 0.570

Table 5: Analysis of the ACTG 175 aids clinical trial data using the error corrected method
with f{A(u),Z,8,a} = 1/{1+ A(u)n(X*,Z,B,a)}". Est. and SE stand for estimate and
standard error, respectively. Z, Z+D, Z+Z, and D stand for zidovudine, zidovudine plus
didanosine, zidovudine plus zalcitabine, and didanosine, respectively.
Covariates r=0 r=1 r=2 r=3 r=4 r=5 r=10 r=15
Z+D (Ref: Z) Est. —0.783 —0.793 —-0.803 —0.813 —0.823 —0.830 —0.869 —0.904
SE 0.361 0.358 0.355 0.352 0.350 0.348 0.340 0.335
7Z+7 (Ref: Z) Est. —0.979 —-0.990 —-1.002 -1.012 —1.023 —1.033 —1.080 —1.120
SE 0.366 0.364 0.361 0.358 0.356 0.354 0.347 0.346
D (Ref: Z) Est. —0.794 —-0.805 —0.815 —-0.825 —-0.834 —-0.843 —-0.879 —0.906
SE 0.339 0.337 0.334 0.332 0.329 0.328 0.325 0.329
log(CD4) Est. —2.685 —2.691 —-2.697 -—-2.702 -2.705 —-2.708 —-2.703 —2.679
SE 0.567 0.561 0.557 0.554 0.551 0.550 0.557 0.584
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Figure 1: Plot of log{pr(T" < t)/pr(T > t)} versus t for each treatment group. The solid
and dotted curves correspond to the cases of X < —0.1 and X > —0.1 respectively, where
X = log(True CD4 count) — 5.89. Z, Z+D, Z+Z, and D represent zidovudine, zidovudine
plus didanosine, zidovudine plus zalcitabine, and didanosine, respectively.



