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This document contains some lemmas and their proof that are key in proving Theorems
1 and 2 stated in the main paper. First, we re-state some notations that we have already

introduced in the main paper. Model (3.3) in the paper is
Y:ZFbF+WV+T,

where W = (Zg,Mo,---,M,) and v = (b, UJ,U{,--- ,U})". Denote G = var(v) =
diag(cov(bg), I, @ Yo, -+, I, ® B,,) and cov(Y) = 3. Also, 3; = 3,(8) = Zpicov(br)ZE; +
cov(Uy) + > »_, Diag(Xi) cov(Uiy)Diag(Xi,) + €, for ¢ = 1,...,n. The estimator of bp is
bp = (ZE21Zp) "1 ZE% 1Y and the predictor of v is 7 = GWTS (Y — Zpbr). The covari-
ance matrix %(9) is involved with parameters § = (03, , 03 , %0, , Py, po, -+, pp)" - Let
s = (p+ 1)(q + 2) be the number of parameters in §. These parameters are estimated through

restricted maximum likelihood method by maximizing

1 1 ¢ 1 ~ ~
0(8) = —5log|ZEX ™" Zp| — 5 ) log| S| — 5(Y = Zpbp) 'STH(Y — Zpbp).  (S1)

1=1

Then there exist some 7 such that 77 Zr = 0 and rank(7) = mn — Li(p + 1), and define
P=T(T'sT) ' 7" =27 -2 ' Zp(ZE5" Zp) t ZE5 ™
such that the likelihood can be written as
0(6) = —%log|TTET| — %YTPY. (S2)

and define the REML estimator 4 as the solution to the score equation 9¢ (0)/06 = 0.
Now we shall state the lemmas. Lemma 1 is needed for Lemma 2 which is needed for

Theorem 2. Lemmas 3 and 4 are needed for proving Theorems 1 and 2.

Lemma 1 Let ¥f = %;(6) and 3; = ;(0). If max;y || Xix|| < oo, then tr{(Xf — %;)?} <
Cs||6* — 6|2, where Cs is a constant and ||6* — 6]|* = (§* — §)T(6* — 9).
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Proof: We write ¥ — %, = J; + Jo + J5 + J4 + J5, where

Ji = ZFDlag{(Ubo _Ubg)Dlag<>‘L1) "7<Uzp2_ggp)Diag(>‘Ell)}Z£7
Jo = (%5 = %0)Am(po),
Js = YoAmlpo) = YoAm(po),

Jio= Y Diag(X)[i{ Anpi) — An(pr)} Diag(Xar),

Js = Y Diag(Xu){(¥; — ¢)An(pr) }Diag(Xux).

Therefore,
tr{ (X7 — 5) T (X — X))} < Cler(JL ) + te(JF Jy) + tr(JEJ3) + tr(J] Jy) + tr(J2 ).

We see that

tr(JTJy) <cz o Z{Z t;)Diag(\;2) 2 (1) }2.

7,l=1

Also, notice that tr(J1'J2) = tr{ (1§ — %) Am(p0)}* < C( — tho)2tr{ An(po)}? and

{5 Am(p5) — Y5 Am(po) Y] =t {145 — o) {Am(p5) — Am(po)} + vo{Am(p5) — Amlpo)}*}
< 2{(4 — %0)* + Y ttr{An(pp) — Am(po)}*
< C{(W5 — %o)* + ¥itles — poll*.

Hence, tr(J7 J3) < C||6* — §]|%. Next,
p
w(JfJy) < €Y tr{Diag(Xao) [i{Am(pk) — Am(pr)}Diag(Xir) }*
k=1

< cz [ Ding(X,0) (6 — 1) {An (k) — A1)} Ding(X,)
e {Ding(Xa){ An(5) — An(p)} Diag(Xa) ]

< O3 10 — 0P An(p}) — An(p) )i Ding(X)}
U An(p) — An(o)Yir{Ding(Xa)} ]

If A,,(pr) has bounded second derivatives with respect to pg, then tr{A,,(p;) — Am(pr)}* <
Cllpi — pell- And tr(JEJ5) < CYV_ (Y5 — wk)ztr{Diag(Xik)Am(pk)Diag(Xik)}2. In summary,
tr{ (3} — %)*} < Csl|6* — 4.



Lemma 2 Let Cy be the constant defined in Lemma 1 and assume that the smallest eigenvalue
of 3 is bounded below by ¢y > 0. Suppose that ||6* — §||* < A such that 2CsA/c3 < 1 when n

1s large enough. Then
e{(57)?) < (- 26 CRAY T 20r{ (57} + 2650 /.

Proof: By the matrix inverse formula, ¥*; ' = X1 =S (0 =)0 -2 H (S - 5 2% (D) —
¥i)X; !, we then have

E{E) < 2u{(57)2) + 2ul{S (S - B
F2u{{S () - T NS - s, (33)

Because (Xf — ¥;)%;%(2F — %) is non-negative definite,

Gl (S - 20T (- )Y

IA

{57 (S - S)2 (S - 5%

tr{ (S [{(Z) — Z0) 572 (5) — )}
tr?{(27 — 55)5;72(3) — %)}

tr{(Z; ) P (S {(5 — £5)°}

o {(Z7)* e " Gi A%,

IN AN IA

IN

where the last inequality follows from Lemma 1 and the assumption in this Lemma. In addition,
tr{ (71 (2 — )82} < A (30)tr{ (3 — )2}, Hence, from (S3),
Gl < (12602 @6 {(Z7)2) + 2051 cl).

This completes the proof of Lemma 2.

Lemma 3 Let

d? = max {tr(PViPVi)7 tr (P%P%>’ r<P8§jgng5§jg;k>}

Jisk

and d, = min; d;. Then there exists § such that for any 0 < q9 < 1 and large n,

§—6=—A"a+ o,(d;>®),

*

where a = 0(8) /08 and A = E{0%*((5)/D6*}, on the set B with P(B) converging to 1.

Proof: We will apply Theorem 2.1 of Das et al. (2004). Let us first verify the following

conditions.



The gth moment of the following quantities are bounded for some d; and d, = min; d;,

4(5)
96

1
" /did;
where Mijk: = Supdesé(&)) |83£(6)/(85285385k)| with SW((S()) = {(5 : |5z - (5()Z| S ’}/d*/dl 1 S 1 S S}.
Using the likelihood given in (S2), we obtain the first derivative of ¢(J) with respect to §

20)|
8(52(5] [

9%4(5)

( “
85Z5j do

- My,
" dididy "

)

do

d;

9L(5)
95;

— %{GTPViPe — tr(PV))}, (S4)

where € = Y — Zpbp and V; = diag(Vi1, -+, Vin). Let € = X2y and u ~ N(0, I,,,). Then for
any g > 2,

E‘aé—(;)‘g — 279 BTS2 PV, PEY2 — BTS2 PV, PSY2y)|

< c||2Y2PV,PYY?||§ = ctr(V,PV,P)9/2.

Thus, if we take d; = tr(V;PV;P)"/?, the gth moment of (1/d;) |0¢(6y)/dd| is bounded. Because
0P85, — —T(TTST)\TT (05 /05, T(T'ST)"TT = —P(9%/95;)P = —PV, P, we have
0%(5) 1

v,
[ — _ T .. . . —
56,25, = 2{ e Que + u(PV;PY) — (P s O} (S5)

where Q;; = P{V;PV; + V,PV; — (0V;/06;)} P := PK;; P. Then we have

02((6)
96,00,

9%4(5)

E 55,00,

~ B WTSV2Q, 212 — B(uTEY2Q, 5 ) g

< ¢||ZV2Qu% RIS = ctr(Ky P P)Y?,

where
PR = v - ?)Zs} )P(V;PV; + ViPV; — g}} )P)
= 2tr(V; PV;PV; PV, P) + 2tr(V,PV,PV; PV, P)
e, Py — 2o, PPy 4 e p i

20, a5, ) T g5 Pas b

and applying Lemma 5.2 of Das et al. (2004), we have

oV,
05,
oV,
05,

\tr(VjPMPVJPVZPﬂ S tl"(VZPVzPVJPVJP)

v, oV,

< 1/2 1/2.
P)| < tr(V;PV,PV; PV;P)"/*tx (35 P(% P2,
Vi OV,

04 8(5

|tr(V; PV, P~

|t (Vi PV, P—"P)| < tr(V;PV;PV; PV, P)"*tr(=- P—'P)"/?;



Therefore,

tr(K;;PK;;P) < {2tr(V;PV;PV;PV;P)** + tr (gg ‘W 1/2}

Notice that tr(A?) < tr?(A) for any non-negative matrix A. Since Pl/QViPViPl/Q is a non-

negative definite matrix, we have

tr(V;PV; PV; PV;P) < tr(V;PV;PV;PV;P)"*tx(V; PV; PV, PV; P)"/?
< tr(PY2V, PV, PY?)tr(PY?V; PV; PV/?) = tr(V; PV, P)tr(V; PV, P).

Hence if we take d; = max;[tr(V; PV, P)Y2 tr{0V;/d5;) P(V;/96;) P}/?] the gth moment of

1 02((9) _ E(82€(5) )
didj 8515] 0o 3(51(5] do
is bounded for any g > 2.
Next, we compute the third derivatives,
930(5)
00,0000},
= —2’16T{ — PV,P(V;PV; + V,PV; — V. —)P
99
oV; oV, 8]/ oV; 02V
P PVP P—~+_—P PV P P—
+ (85k V, = V; PV PV, —V; 95, 8(5 V, = ViPVyPV; +V; 95, a5]'86]6)
0
P(V;PV; + VPV, + 8? )PV P } — E(¢ Ryjie)
' (PV,PV;PV,P + PV,,PV,PV;P + PV;PV,PV;P)e + 27! TPa? 39}5 Pe
k
oV, IV, 81/ 0%V
T(pPy.P PPP—]PPP E{"P(R —h ‘P

where Ry, = Vi PV; PV; + Vi PV;PV; + VPV, PV; and R} = V. P(0V;/06;) + ViP(0V;/9d;) +
V;P(0V;/96;). Consider the first term in the third derivatives. Denote ¥ for ¥ evaluated at o

and similarly for f)j. Then it can be shown that

(TT'ST) ™ = (TP + (TP ' TH (e - )T (TTeT)
and TV, T = T"V;T + T"(V; — V;)T. For convenience, denote H = (77S7)~" and G; =
T™V,T. Further A, = HTT(X — )T H, Ag; = T'(V; — V;)T. Tt can be seen that

2(p+1)
H = H+ Y (6 = 0)HGH + foHT" (AA,(p0) ® 1) 7H+Z¢, TTD{AA,(p)}TH,

i=1 =1



where D(AA,,) = diag{diag(Xy;)AA,diag(Xy;), - ,diag(X,;)AA,diag(X,:)}, AAL(p;) =
Am(pi) = Am(pi)-For 1 < < (p+ 1), V; = Vit j = p+2, V; =V = AAu(po) @ I,; if
p+3<j<2p+2),V; =V =D{AAL(p)}; i 20+ 1)+ 1< <2(p+1)+q V=V, =
A(0Am(po)/0pojr) @ I, with j' = j=2(p+1) and if 2(p+ 1)+ (k—1)g+1 < j < 2(p+1)+ kg,
V; = V; = D{A(0A.(pr)/Opr)} with 2 <k < (p+1) and j' = j —2(p +1) + (k — 1)g. Since
H, A,.(p;) and AT (p;) are positive definite, if v in S, is small enough such that, (1/2)H <
H < 2H, (1/2)An(pr) < Am(pr) < 24m(p) and (1/2) AT (pr) < AT (pr) < 247 (px). Then if
1<p+1

—e

|HY2G,HT e = |HY?GHT e|| < V2|HY*G,HT ¢||
2(p+1)
< V2H'PGHT e[+ Y |6, — &||H'*G:HGHT "e|
j=1

+|@Z~)0|||[_—II/QGJ'I,]{F(AAm(po) Q In)T]:ITTeH

p
+ 3 G| H2GHT T D(A A (p;)) THT e
=1

It can be shown that there exists some constant C'(7) such that

|HY2GHT T (AA(po) ® L)YTHT €|
< CONH?GiHGop s HT "e|| < C(y)[|H2GH 2 ||| HY 2 Clopys HT Ve,

and
|H'2G,HTTD(AA,, (p,))THT e|| < C(y)|H2GHY?|||H?*GHT "e|| for k = j+2(p+1)+1.

Therefore, for ¢+ < p+1,

2(p+1)
|H'PGHT e < V2IH'PGHT e| +v2 ) |6, = 6| H*GH? ||| H' G HT |
j=1
3(p+1)
+V2 Y CONkap sl |HPGH?||HGLHT |
k=2(p+1)+1
2(p+1)
< V2H'YPGHT | + 2vd.|HVGH?|| Y d;V|[H'*GHT €|
j=1
3(p+1)
F2CHPGHY|| > [k sl | HYGLHT e,
k=2(p+1)+1



where | HY2G;H'?|| = tr(PV;PV;)Y/2. For (¢ +2)(p+1) >i>p+1,
|H2GHT e| < V2{1+C*()}HH*GHT e

2(p+1)
+29{1 + C* (N} H2GHY| Y di Y| HY2GHHT |
j=1
3(p+1) R R o
+2{1+ C* NCO)IHPGH?| Y [hgps| || HV2CRLHT e
k=2(p+1)+1

In summary, define

[ 20+ C Y| HPGHYR|| for j < p 1
’ 20{1 + C*(7)}CNIIH'?G;H?|| for p+1<j<s,

then

|H'PGHT || < V2(1+ C* ()| H'*GHT e + Y ky| HY2GHT e (S6)

=1
It follows that

sup | HY2GHT el < V{1 + C* () HHPGHT el + 3 ky sup | HYV2GHT e|..  (ST)

0ESy j=1 0ES

If we take v smaller enough such that Z;:1 k; <1, then

sup HHl/Qéi]Z[TTeH < \/5{1 + C*(’y)}HHl/QGiHTTeH
5es,,

+V2{1 + C*(y)}(1 — i ki)~ i k| HY2G,HT el (S8)

j=1

For any g > 4 and some constant C),
E|H'?G;HT e||? = E|"THG; HG;HT "e|9* = B|" PV;PV; Pe|?/? < Ctr9/?(PV; PV).
Hence the first term in 0°4(6)/(06;00;06;) can be bounded by
(€T PPV, PV, Pe| — PTG G G IT e
< A (H'YPGH'P)||HPGHT e || H2GLHT e
< Ci(NAwmax(H'PGHY) | HYPGHT e | HV2GRHT el

Combining (S8) and the above two inequality, it can be seen that

d P o o~~~ N\
E * Tpy,PV.PV,P
(G, 2o |/ PRV, PY.PA

1 e Y~ o~
< Ol (NN (H'2 G H) E(—— sup | H' PG HT "e|| sup | HY2GRHT e )0
d; k §es, 5eSs,

< OV ()N (HY2GHY?).

max



We choose 7 small enough such that Cy(7)Amax(HY?G;HY?) < oco. The other terms in
030(6)/(96;00,;001,) can be bounded similarly. For example,

SOV - A = 120G ~
]eTPVkPa?Pd < \|H1/2GkHTTeH|\H1/28—6FH7T6\|,
J J

where the bound for the right hand side can be obtained similarly as of (S8). Therefore,
condition (iv) in Theorem 2.1 of Das et al. (2004) holds. Notice that from (S5),

52((6)
Ay =FE
= —2_1tI‘(PVZ‘PVj).

-1 avz
) = —27{6(QuD) - a(PV;PV,) — (P 3 )}

Then the (4, j)th component of Dy ' AD;!, where D, = Diag(dy, - ,d,), is tr(PV,;PV;)/(d:d;).
Condition (iii) in Das et al. (2004) is equivalent to require that the smallest eigenvalue of

—(D7'AD™') must be bounded away from 0 and oo. Suppose the smallest eigenvalue of

—(D7'AD™1) is Ai,. Since
. 2T (=D ) (=A)(-=D Yz . a'D2g _ _
)\min = il;f(‘) {L‘T[L' S )\max(_A> ;l;fo LET.T S )\max(_A) (Hllln(dl)) 2 < 00,
we require that
Amax(—A) = O(min d?). (S9)

Under condition (S9), condition (iii) of Das et al. (2004) holds. Therefore, conditions (i)-(iv)
in Theorem 2.1 of Das et al. (2004) hold and g can be any integer greater than 4. This finishes

the proof of Lemma 3.

Lemma 4 Define t(5) = ["bp + mTv as the BLUP estimator of Y, (tm;8) for some specific i
and & be the REML estimator of 8. If conditions (a)-(d) hold, then

E{t(d) — t(6)}? = E{ag—?(ﬁ— 5)}2 +o(n7Y).

Proof: For convenience, let us define @ = (af,--- ,aZ)T =Y — ZFEF, w =Y — Zpbp and
¢T(0) :=m"GWTE™! = (¢ (0), -+, (1 (9)) where

Zt, (tm)cov(br) ZE, B! if k £ g
(o) = Z};io (tm)cov(bR)Z]gO Ei_ol
US4 P Ko (tn) [SugDiag(Xyi, )| ™S it k = do.

20

where i, is the area we are interested in predicting (in the main text, we used i instead of .

In this supplemental, we used iy), E%) is the mth row of ¥, and [%,,Diag(X,)]™ is the



mth row of ¥,,,Diag(X,;,). Let C; and Cy be constants which may take different values in each

appearance. By the Taylor expansion of t(S) around ¢, we have

@) - 100) = OG5+ 5-0T )G
where ||6* — 8| < ||6 — 6]|. Then
E{t(d) —t(6)}* = E{ata((s)(é 5)}2+E{8g(§>(5—5)(3—5)Ta;§g>(3—5)}
+<1/4)E{(3—5)T585(T)(5 o)} :E{ata—g)(ﬁ—&}ﬂzzﬁ&.

First, we would like to show Ry, = o(n™1). Notice that
2{G - 5)T6;t§f;) G-} = B[u az:gi*) G057}
E<tr{(a;t( D2 lu[(G-9)G - 1y))
_ E(tr{(@;t i )2}{(3—5>T(5—5>}2)
J

5)
5*2
(07)
) A 5*2 2
= >5[ 85*86* D@ -or@-a)]

=1 j=1

IN

Because s is a fixed number, we only need to show that

E[(g ;(56) {6 6) (- 5)}2] —o(n). (S10)
The first derivative of ¢(9) is

o) ZT&_ZF L ()

by
d0;

i — b (0)Zp

where 9bp /06; = (ZLL 1 Zp) 1 ZEX"1(8%/86;)S i and the second derivatives of ¢(d) is

9%bp
8606,

PO _ by . °¢) . 9c'(0), dbp 9T () s b
80,00, 80,06, = 96,00, a6, “Tas;  oas; oo
= J1(5) + JQ(é) + J3<5) + J4((5> + J5((5),

—("(0)ZF



where

9%y % %
= —(ZFX ' Zp) 2T ST (2 2 T 2T S 2
96,00, (22 Ze) gs, = Zr R R
—(Zgz-le)—lzIZz—l8—22-1ZF(252—1ZF)—1Z£2—1a—zz-lzﬂz
90, d6;
oY 0%
VA YR/ B/ Yty Yl Yy’
HZpX Zp) 2," a5, "
oY 0%
VA SRS A S Yt . g ¥y
2
b
—(ZEs zp) tzEe ! 0 Y la

9500

Let us look at Ji(8). We can write Ji(8) = IT{I,(8) + I1(6) + I5(0) + I14(6) + I5(6)}. Since
IT1,(6*) and [TI,(6*) are similar, we only show that [IT1;(6*)| is bounded by [IT1,(6*)| <
Cyn Y2 uTS |2 (1 4 Cy|6* — 6]|), where C; and C; are some constants. By the Cauchy-
Schwarz inequality and ~V2ZL(ZEX"1Zr) "1 ZX 72 being an idempotent matrix, we have

» Y
IT1,6)] = |[IT(ZEkezp) 1z 125 N Zp(ZEE T Zp) T 2 25 1 Zpil
J 7
. E)YENG)Y - ) YNG)S
< T (7Ty-1 —“1pTy—-1Y“ 1Y 51 Ty—1 —“111/2)3T 122102 =1 011/2
< |IF(zEx~tzp)tzEs 852 852 Zp(ZES Zp) 7Y ats 862-2 a(siz il
Denote d! = {1(ZES~1Zp) 1 ZE, % and
S)YEENG)Y .
P (0) = [IT(ZEx~1Zzp)tzE% 152 1%2 YZe(ZEx Z) 7M.
Then we can write
- 0%k 1 0%y,
P(6) = diy ==t ¥ td
1(9) ; kogs; Tk a(s F
- T 7 gTY\11/2 —1/28216 182k —1/2 1/2
- 1909 Yo
- Z(dfdmtr(zk1/2%;2;%5’“2 e
k=1
~ T 917205k (172
< ;(dkdk)“ (3, 5, )
- oY
= Y ()t (S 5.
D6,
k=1

10



Similar to the proof of Lemma 2, we have tr?{X; ' (9%;/967)} < Citr?{E;(95,/95;)}(1 +
(y]|6* — 6]|) and assuming that max;<g<, tr2 {3, 1 (0%,,/95;)} < oo, we have

) -

* 1 * * T g%

Pi(d%) < Cimax tr ‘(2 7, )1+ Cofd 5||)k§1 dy” dy,

—I)(1 + Cy|6* = 6])) § iT(Z;Z*‘le)*lzngZ‘lZFk(ZPTZ**ZF)*W

k=1

A )L+ Coll6™ =S|I (ZFE " Zp) L.

0X
_ 1
= () lrglgi;(n tr (Ek 5,

0%
= Cllréll?gntr (Ek 5,

It can be shown that |[[7(ZFX*'Zp) Y| = CUT(ZEY*1Zp) (1 + Cy||6* — 6]|). Since
ZEY1Zp = O(n™1) and max)<p<, tr2{3, 1 (054 /05;} < oo, |P1(6*)] < Cin~ (1 + Cy||6* = §)).
Next,

rsn on o) ng il a5, (o S e
< ZukE utr(2 aaz(;kalaaZék)
< ZukE ptr® (S, a;(;f)
Hence
[ 12?:2*12?2* o] < ¢ Inax tr 2(%y 18825 )(1 4 Colj0* — 8| |a"s* il
< Clut S tul(1+ Cy|6F = 6)). (S11)

Note that we used the fact that |a7% 14| < [uTS . It follows that |I71;| < Cyn~ Y2 |u” S a2 (1+
Cy||6* — 6]). Similarly, |I7I,| < Cyn~2ju” S u|2(1 4 Cy||6* — 6||). The third term in J; is

. L 0% 0% .
1] = |IT(ZzEsZp) 205 18—52 185 il
X 0% __, 08 __,0%
25, (9_52 3_52 0,

< |M(ZES Ze) M) Pt x|,

Applying the inequality tr(A?) < tr?(A) for any nonnegative matrix A, we have

0% 0%

oY 0% __ 9% ) NN)S
~Ty1—1 Dt 3o St 3 o 1 Z 1~ ~TE 1 k kZ 1 -1 -1y
[ s s, s, il = Z ’faakaaka(s’f%k“
[tr(S, P aal S aal s )Y (az’“z 182"’2 182’“2 162’“2 1y2)1/2

05; F 96, % a5; TR a6

IA
3 EM:

Oy Ok,
aa)t(aai)‘

< O ap st (S )
k=1

11



Hence,

X", 108", 105", 0% . 0% o, 0%
~TE* 1 E* 1 Z* 1 E* 1 2 -1 < TE* E*_l 2 kN2 k\2
0x 0%y, . O
< O ml?xtrQ(Zkl)Qmaxtr( aék)Qm ax tr(—— 20, E)2(1 + Col|6™ — o)) kg lufZ e U
)3 0%y, .
< ¢ ml?xtrQ(Zkl)Qmaxtr( a5k)2maxtr( 20, "2(1 + Cy)|6* = 8)) kg 1u}§2 Uy,

and it is easy to see that [IT(ZEX* 1 Zp) 1| < CIT(ZEX1Zp) |(1 + Cy||6* — §]|). There-
fore, [IT15(6%)] < Cyn~2[uTS~ u|2(1 4 Cy)|6* — 6]|). Similarly, we can bound [I715(6*)| and
1" I5(6%)|. So, in summary, |J;(6*)] < Cyn~2|uTS~ |2 (1 + Cy|0* — ).

Next, for J3, we have

_0¢T(0) , Fbe, OCTO) 1 1 e 108
aCT(5) Tx—1 _1,70¢(9) 1/2(~T  0X 0N 1/2
< —_— .
< a0, Zp(Zp X ZF) ZF a5, e 861-2 8&2 m
Noting that for k # iq
¢t (o) dcov(br) r

0%
85] Zgio(tm)cov<bR)ZRk2klaé E ZR ( ) 85]

where dcov(bgr)/00; = 0 if §; # of and dcov(bgr)/05; = Diag(0,--- , Diag(A;}),...,0) if §; =
oy, and 9L (6)/90; = O(1) for all §;. Hence, {9¢7(0)/00;}Zp is of order O(1) for each
component. It follows that {9¢T(8)/06;}Zp(ZEX "1 Zp) 1 ZE{0((5)/06;} = O(n~'). We have
already shown in (S11) that
ox* 0%
6% > 06;
Therefore, |J5(6*)| < Cin~Y2u S u|V2(1 + Cy||6* — §]|). Similarly, we can show the same
bound for |J4(6*)].

Now let us check J5, the proof is almost the same as J;, where we replace [ by ¢T(§)Zp. Notice
that each component of ¢7(8)Zr is O(1). Then |[(T(8)Zp(ZEX"1Z5)1ZEC(6)] = O(n™Y).
Hence, as we have shown for J;, it can also be shown that |J5(6*)| < Cyn Y2 ju? X 1u|V2(1 +

Cs||0* — 6]|). It remains to show Jo = O,(1). Notice that for k # iy,

ZE St =0m7V?),

o S| < CuuTS (1 4 Cyl|6* = 8.

oGh) L r dcov(br) p «_10%1 Jcov(br) p «_10%1
8518(% N ZRiO(m)a—(siZRlzk 85 E +ZR ( )a—(SJZRlzk 85
ox. [2)d ox. ox.
+ Zg, (tw)cov(br) Zp, ;! aakEkl 85k2 + Zg, (tm)cov(br) Zh, 5! 85k2k1 85’“2 !
0%y,

+ Z, (tm)eov(br) 23, B o0 = O(n™!?),

06,00,

12



and {9¢](0)/06;00,} = O(l). It follows that

|J2| _ |8CT |Z aCk Z |a<l?(5)ﬂk| < Z(aCk ( )Z agg(a))l/zwzzglﬂk)lm

06,06; 00; 8 — 06,06 06,00; g 06,00 ’
where 1, = (Um,"' ,ukm) . It is easy to see that uka G = Opy(1). Hence [J5(6*)| <
Cion~ V2SS |2 (1 + Cy||6* — 6]|). In summary, from J;(6*) — J5(6*),

82t((5*> <C n71/2<uT271u)1/2(1 +C ”8\_ 5“)
969071 = ! ? ’
where C' is some constant. Applying the Cauchy-Schwarz inequality,
2t (6 ~ ~ 2 ~ ~
Ro = B2 (G- 07 G—0)]") < 20m (B ullF - 61) + BT S lF - 5))
(]

< 20n ! [{B@ S 0 {E()S - o]}

HE@S )2 E(])5 - o)}

Because E(ulS"'u)2 = O(n?) and E(||5 — §||®) = O(n™*), we have Ry = o(n™'). To show the

order of Ry, we would like to know the order of

90) 5_ 52 < CZ{E

=5 ) )

JPLEG -0

Now we can rewrite 0t(0)/d6; in the followmg form
ot(0)
d6;

where f;(0) = IT(ZE2 1 Zp) " ZL(0%/95; )D D =1-Zp(ZF " Zp) ' ZES . Define b (6)T =

CT(0)Zp(ZEE 1 Zp) 1 ZE(05/06;) D and hj )(5) = {8¢T (6 )/0d;}D. Since € ~ N(0, %),

(at(é)
09
Define B = Zp(ZEX71Z) "1 ZE. Notice that ¥~/2BY71/2 is an idempotent matrix. Then

the first term on the right hand side of (S12) is

- (fj((s) — (0 Zp(ZE2" Zp) 12352—521) 8;55)1)) e .= hj(6)"e, (S12)

)t = 3(hy(5)TShy(8))? < 6{(fT(8)S£;(8))% + (WP (5)TERP (6))2 + (Y (5)"=h{) (6))2}.

(
J

= ox 1)) -
FO0) = TR 20 2 52 DSDGE (2557 27
J
15)> 15)

= M(Zts=12p)~ 1ZF85 (X — B)==Zp(ZEx7 Zp)

04;

0¥ 0%

< T (Zgz—lzp)—le% 285 Zp(ZEx1 Zp)7H

> 0%, , %
= Nzpx'Zp) ' Z}, Z ZpX'Z
0% ¢, 0%;
< (G5 iy ZlT 2557 Z0) " 25 2 (2557 Z6) 7,
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which is of order O(n™!). Similarly, the second term of the right hand side of (S12) is

()X ()X

WP O (6) = ((0)Bos (8- B)5BC(0)
J J
7o 08 08 MURNNG) YNG)S T
< (0B gz S5 BUO) < C(OT5-553(0)
- 0%, 0%,
< ;Q() 55, =i g, ZiGi(0)

If A7l = O(n™2) and Aoy { (05:/06;)%5(9%,/08;)5;} < co. Then 2P (5)TEhP (6) = O(1).
Then the third term on the right hand side of (S12) is

h () TSR (5) = —3%2('5)D2DT6§§§> = 85((;5){2—ZF(Z;Cz—le)—lzg}a%(;?T
= —8§§5>21/2{1 - 2—1/2ZF(Z%”E—lzp)‘lzﬁz-”?}zl/?a%(;)T < aggé)za%f)T
J J J J
_ N %0) g, 9Gi(8)T ~ 9Gi(8) 9Gi(0)"
- ; o5, s, = melB) 2 a5 s

i=1

If Anax(2;) < 00 and A7 = O(n™1/2), then 8¢;(6)/85; = O(n~"/?) and hence h§3) (5)T2h§-3)(5) =

O(1). Hence, E {(0t(5)/85;)*} = O(1). It follows that E{(9t(5)/08)(5 — 6)}* = O(n~!). Again
by the Cauchy-Schwarz inequality, it is easy to see that R; = o(n™'). Therefore, we have

E{t(d) — t(5)}* = E{ata—(?(g— Y2+ o(n7h).

This completes the proof of Lemma 4.
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Some additional details in the proof of Theorem 2:

For K, because m'Gm = Z}Tzi0 (tm)cov(bR)ZRio + e;ﬂn’o(]n ® Xu0)€imo + Y opy eg,;7xk(ln ®
Suk)€ik 2y, M (02G/06;06;)m is a summation of fixed number functions of variance components
. Therefore, it can be shown that |K] — K;| < C|[6* — d||. For K, notice that

2~T(85) 0 both ¢; and §; are o}, s;

85285] ‘92’}’10( )

55.55, ¥ i(8) if one of &; and §; is not o7 s,

where 7;,(8) is the igth m-dimensional subvector of v7(§) = (vI(8), -+ ,7L(d)). Therefore,

82’7 (5*) 1 827 (5>
20 *— _ . 20 ) -1

N %0(5*) 01 (0)
[ 7 i J

{20 (st oy

95;00;
PPy (6%) PPy (6)

1000 555 ~ %O g BT - S} = K7 4 K 4
From Lemma 2 we know tr(X; ' =¥ 1) < C’Hg—dH, hence to show that ]K* K| < CHZS\— Il
it is enough to show that |(8%7(6%)/06,06,)7.7 (%) — (6%4.)(8)/88:05,)7(8)] < C|15 — 4]
where subscript (1) denotes the I[th component. Notice that
P (5) 9oy P9 ©) Py (5) ) (6)
2605, o O aas, 10 O = 5555~ as0,

62710 (5*) 827“) ( )
5535, ~ angs, e 00 = )]

[y — Ko < Jor{mi (07) — 55—

C| |+ Cl (6%) — 49 (6))

+ (]

Clearly, |7i(0k)(5*) %0 )(6)] < C||6 = || from the expression of 71 ") (6) and it also easy to show
that (924" (5%)/88:08; — 9*4)(6)/06,08;] < C||5 — §||. It follows that |3 — Ko < C||6 — d]].
The derivation of K3 to K are similar, here we only give the details for K. We first write

. a’Vk *— 15’2 x—1 * a7k (5) 1
J— <
]K4 K4\ C E | Z 5 Z (5) 3, Zk 5j

< Z(Ki‘f) + Ky + K K),
k=1
where Kjp) = |tr[{wk<a*><avk (5%)/06:) = w(8)(O~F (0)/06) IS (O%/00;) S5 1]| and Ky =
|tr[{2*k1((922/85;‘)2*k1 — 3, N (0%,/06,) 2 (8) (04 (8)/D6,)]]- Tt can be seen that

KD = er{u(6") = 2w(0) Dy G+ e u(o) (P — T Ty
Hir{(u(5%) — w0 (L - 8755@)25%?“ L
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For k # iy, |71(€l)(5*) ( )| < ClAL T Yoo 05, — o4, | and each element of dv/(d)/dd;
is of the same order of ||/\L1|| L Hence, [tr{(7x(6") — v£(8))(OVF(8)/058,)%; (0%/06,)% 1} <
C\ AL, H_2||3 9] Similarly, we can show the other terms are also bounded by C|| Ay, H_2H;5\— 9]
It follows that K" < C||A, [|72[|6 — 8| if k # io. By noting that tr(S*;" — .12 < C||d — 4,
tr{(0%}/00%) — (azk/f)éj)}Q < C|6 = 68][, (6) and OvL(6)/08; are both O(|| Az, || 1) for k # iy,
it can be shown that K& < C||AL,[|72||6 — 6|| for k # ig. For k = ig, K\ < C||§ — 4| and

K < C||5 = 6||. In summary, using the assumption |[Az, | = O(n~'/2), we have
K = K| < CO Al + DI = 6]l < Cl)s - 4.
ko

Here we show that 0g4(0)/0; = o(n~'/2). Observe that

894]11(5) anj 70X T
= —LYPV.PV,PY '~ PV,PV,PY 'SPV, PPV;PV,PY.
a5, 3o, ViPViPXn +n; 3, VPV PYny + n; XPV,PPV; PV, PXn,
oV,

nTngg PY, Py, + 1] SPV;PV.PV Py, + 1) SPV;P—— %,

Py,

) on”
0] SPV;PYPV. P + 1] SPV; PV P2 + njzpvjpvlpz%.
k k

By the Cauchy-Schwarz inequality,

oV oV, 0V
\nfzpa—&ipvlpz:m\ < (nfzpa—dz a—(ipznj)1/2(an2Plele2m)1/2

By the definition of 7 and h(8)"$h(8) = o(n=3/2), we can see that [n] SP(0V;/80,) PV,PYy| =
o(n~/?). The order of the other terms of 0g,(0)/dJ; can be derived similarly.
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