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Appendix

1 Proof of Theorems 1, 2 and 3

Let cj(t) = cos(tW;), dj,(t) = sin(tW;). Next define e;,(t) = M;* > (1 t)es. Cos{(t/ma)(
Wi, — Wii,)}. Denote the expectations by ¢, (t) = E{cjw(t)}, dow(t) = E{d1,(t)}, and eg,(t) =
FE{e1,(t)}. Then, AW,(t) = (cjuw(t) — cow(t), djw(t) — dow(t), €ju(t) — eow(t))” are iid mean zero
random vectors. Simila?ly define Ay, (t) by replacing W;’s by V;’s in the definition of Ay (2).
Let to = max{|t1], |t2|}, where recall that w(t) =0 for all t & [t1,ts]. Define J

A
Z,(t) = n;'"? ( %f A‘V/ij(g) ) it < to.

Let C,C(-) denote generic constants with values in (0, 00) that may depend on their arguments (if
any) but not on n,, n,. Also, let £>°[—ty,to| denote the set of all bounded measurable functions from
[—to, to] to the real line and let ||z]| = sup{|z(t)| : t € [~to,to]}, T € £>°[—to, to]. Finally, let AT
denote the transpose of a matrix (vector) A.

Then we have the following result.

Lemma 1. Z, % Z as random elements of the space (I°[—to,t0])®, where Z is a 6-dimensional
zero-mean Gaussian process on [—tg, to] with the covariance function

Cw(s,t) 0

Hst =10 P20, (s, 1)

with U'y(s,1) = E{Ayy (s)Apwy ()}, Tu(s t) = E{Ay (s)Ay (D)}, for —to < s,t < to. Further,
the paths of Z(-) are continuous on [—tg,to] with probability one.
Proof: Note that 1) AWj(t) and AVj(t) are bounded random vectors, i) the collection of

functions {(Aw(t), Av(t));t € [~to,to]} is a VC-class, where Aq(t) = [cos(t ) 7™ w;/m,),sin
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(t 327 wi/my), M > (1 a)es Cos{t(wy, —wi,)/ms ], and Ay (t) is defined similarly. Hence, by using
the Multivariate CLT (cf. Ch 11.1, Athreya and Lahiri, 2006), the finite dimensional distribution
of the Z,(-)-process converges in distribution to those of the Z(-)-process. Further, using the stan-
dard exponential inequalities (e.g., Hoeffding, 1963) and the chaining argument (Wellner and van der
Vaart, 2006), it follows that Z, — Z in distribution, where Z is a random element of [°°([—t, to])]°
and it has continuous paths on [—tg, tg] with probability one. [J

Proof of Theorem 1. Recall the definitions of a,(t) and @, (t) given in Section 2.2 of the main docu-
ment. Define ap,(t) = ¢}'*(t/m,) and let Z;,(t) be the kth component of Z,(t) defined in Lemma
1. Then a,(t) = cow(t)/as.(t), and

\/TL_QJ{ZL\;B('LL) _am(t)} = \/n_x{ - Z] 1C]w( ) _ Cow(t)}

a%(t) a2m(t)
_ 5! 5 {eu(t) = cou(t) + cou )} coul?)
-V s (1) a%@)]
. -”;1 2?21{01‘10(15) — cow(t)} Cow(t) B Cow(t)
N \/_I L a\?x(t) " Uy a2x<t)]
_ Zn(t)  cow(t)y/na{@a(t) — ax(t)}
Q2a(t) (s ()a20 (1) '

Now using the fact that @a,(t) = {¢2_(t/my) + Z3a(t)/ /M }7=/?, we get

Vi {aa(t) — as(t)} = f;n((;f)) - mchw(t)ZZZ(%t)g?‘ W/me) g,

Ana(t) + Rna(t),

where )
Zln(t) _ meOw(t>ZSn(t)¢g;z_ (t/mm)
gz (1) 2a3,(t)

and where, with a suitable constant C'(m,) € (0, c0),

20| ZsuO] 01+ 1Z5(0)/ 7l e (DI + | Zon(0) )
O 2tz (D (1) T e Oyl ()
o O L+ )\l
g () e (1)

Ana(t) =

x C'(my)

Hence,

/|an(t)\2w(t)dt < O(mx){/;;(ti)dt} {HZMHgoHZ:mHiO—i—{1+||Zgn||gg%}

4
Ty 2z ( O‘xmm
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A+ 1 Zsnlloo/ i)™=
(0F = [1Zsnlloo/ v/Ma)™

where a, = min{|p,, (t/m.)|;|t] < to}. Since || - || is continuous on ¢*[—ty, o], it follows that
| Zkn oo 4 || Zk||oo for k=1,...,6. Hence
/|Rnx(t)\2w(t)dt -0 (A1)

My

in probability. Next, define as, (t) = ¢u,’ (t/m,) and write @y, (t) = {¢7 (t/my)+(\/Tw/1y) Zgn () Y 0/2.
Then, using similar steps as above, we obtain

V0 = a0} = 2= A0+ Rt}
where
_ Zun(t)  mycoun(t) Zon(t) by (t/my)
T ay(t) 2a3,(t) ’

and where, retracing arguments above, one can show that

A

/ Ry (1) 20(t)dt — 0 (A.2)

in probability. Under Hy : ¢,(t) = ¢,(t), that means a,(t) = a,(t) for all t. So, under Hy,

I = nI/{ax(t)—ay(t)}Qw(t)dt

where

Iy = / {Amu)—%Any@)}?wu)dt,

and using the Cauchy-Schwartz inequality

1/2

0 = [ 1) + 22 Ry OFl0)dt 42| 1 %[ (Runlt) + 2 Ropfo) (0

By (A.1) and (A.2), |@,] — 0 in probability. Next applying the continuous mapping theorem, we
obtain

]11 i) ]100 = /ff(t)w(t)dt,
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where & () = A4 (t) — p2A,(t). Repeating the arguments above with Iy = n, [{b(t) — by (t)}2w(t)dt
and using the joint weak convergence result of Lemma 1, one can show that

T T ) madod®) ot/
= o [0 203,(1) mi 2
(1t e L
o [ ot
ety

- /m@+gwwwm

This completes the proof of Theorem 1. [
Proof of Theorem 2. First suppose that [ D2(t)w(t)dt # 0. Let W, () = {@.(t) — a.(t)} + {a,(t) —
a,(t)}, |t| < to. Then, it follows that

ﬂmzm/h@w—%wyw%w—%w}w%@—@wﬂiwﬁzmw

where Ly, = n, [{a.(t) — a,(t) Pw(t)dt + 2n, [ Wa(t){a(t) — a,(t) }w(t)dt. Now, using the steps in
the proof of Theorem 1 and the continuous mapping theorem, one can show that the second term of
Ly, is Oy(y/n,) while the first term diverges at the rate n,. Thus, Ly,, = O,(n,). Hence, for

pr(Ti,, <) <pr(Liy,, <r)—0 for any r € (0,00).

Next consider the case where [ DZ(t)w(t)dt # 0. Then, defining T5,, by replacing @, Gy, a,a, in
Tip, by by, by, by, b, and using the arguments above, we have pr(75,, < r) — 0 for any r € (0, 00).
Thus, if [[D2(t) + D3 (t)Jw(t)dt # 0, then for any a,

pr(Tnz > tnz,a) = 1- pr(Tlnz + Tan S tnz,a)
> 1 —min {pr(Tmz <ta),pr(Ton, < ta)} — 1 as n, — oo,

proving Theorem 2. [ R R R R R
Proof of Theorem 3. First we show that ¢,(t) = ¢y (t) /{Pu, (t/m)}* = ¢1(t) Pk (hwt) /{Pu, (t/ms) } 7"
converges to ¢, (t) uniformly over [¢t| < to, almost surely. Since h,, — 0, it is enough to show that

sup{|$1 (t) — ¢1(t)| : || < to} — 0 almost surely, and (A.3)

sup{|du, (t) — du, (t)] : || < toms} — 0 almost surely. (A.4)
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Since ¢ (t) = nyt o exp(itW;) is an average of i.i.d., bounded random variables, one can
prove (A.3) using a discretization argument and Hoeffding’s inequality (Hoeffding, 1963); see, e.g.,
Lahiri (1994). Next, for h > 0, write e;,(t,h) = M, ! > niayes, Cos{(t/ma) (Wi, — Wi, ) H(1 —
R#2)3I(Iht] < 1) and egu(t,h) = E{ejw(t,h)}. Then, it is easy to check that eg,(t,h) =
|u, (t/me)|>(1 — h2t2)3I(|ht] < 1), and hence, sup{|eow(t, hw) — Gu, (t/ma)] @ |t| < tome} — 0,
as h, — 0. Further, using arguments similar to those in the proof of (A.3), one can show that
sup{\auz (t) — eow(t, hy)| & [t| < tomz} — 0, almost surely. Thus, (A.4) holds. Let A be the event
where (A.3) and (A.4) hold. Then pr(A) = 1. Next, let B be the event where

sup{|$a(t) — da(t)] : |t] < to} — 0, and
sup{[u. (1) — 6o, (1) : I1] < tom,} — 0,

as n, — oo. Then, by similar arguments, pr(B) = 1, implying, pr(AN B) = 1.

We shall now show that T converges in distribution to Th, = [[[{F(t) + &(8)]w(t)dt, i.e.,
the Prohorov distance between the Bootstrap probability distribution of T); and the the prob-
ability distribution of T, goes to zero, on the set AN B. Let Z(t) be defined by replacing
(Wy,...,W,,)and (Vy,...,V,, ) in Z(t) by the corresponding Bootstrap variables (W7,..., W}, )
and (V7,..., V7, ), respectively. Also, let I'(s,t) denote the covaraince matrix function of Z*(-), i.e.,
[(s,t) = E,Z () Z5(t)T, s,t € [~ty,to], where E, denotes expectation under P,. Then, using
Lemma 1, it is easy to check that on the set AN B,

sup {Hf(s,t) CT(s,b)|| : st € [—to,to]} 50 as ny — 00,

As a result, for any w € AN B, the finite dimensional distributions of the Z; -process converges to
those of the Z-process, and further by Hoeffding’s inequality, the tightness condition continues to
hold. This implies that on the set AN B, Z converges in distribution to the same limiting process
Z as in Lemma 1. Further, repeating the arguments in the proof of Theorem 1 and using uniform
convergence of ¢1(t), ¢2(t), ¢y, (t) and ¢, (t) o their respective limits on the set AN B, one can show
that, for any w € AN B,

T: =9 T

Theorem 3 now follows from Theorem 1, Polya’s Theorem, and the continuity of the limiting random
variable T,. O

2 Figures for the sensitivity analysis of Section 4
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Figure 1: Boxplots of the optimal and bad choices of bandwidth (h.,, h,) for simulation scenarios D1
and D6.
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Figure 2: Boxplots of ¢; and ¢, for the optimal and bad choices of bandwidth (h.,, h,) for simulation
scenarios D1 and D6.
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Figure 3: Boxplots of test statistics for the optimal and bad choices of bandwidth (h,,h,) for
simulation scenarios D1 and D6.
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